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1. Introduction

These is a series of lecture notes on Computational Neuroscience. The way

we will approach the topic in this class is very pedagogical and draws from

my own training as a theoretical physicist. Understanding the neural code is

the biggest challenge in this field. There is no consensus on what the essential

ingredients are, that make the brain work/compute the way it does. Because of

this, our approach will be very low-brow and pragmatic.

Let us give a working example. Try and ask a theoretical physicist: how can

a horse run and win the Kentucky Derby? The physicist will start first of all

with a crude model of a horse: spherically symmetric object, 2 meter radius,

weighs 500 Kg and mostly made of water. This model explains the size of a

horse race track, and how many horses can fit in the lane. Next we need to

change the model from a sphere to a sausage-like thing, with four segments

coming out from the bottom (legs). We will build a model of how the joints

and muscles of the horse move. At this point the model starts to be realistic

and makes order of magnitude predictions on the average speed of the race, and

eventually we will probably get into the fine prints of what it is that makes a

horse win races. Finally, we will be able to check if our predictions are correct,

by comparing our findings with the special traits that made Lexington the best

horse of the mid-nineteenth century. Maybe we should even build a model of

how the horse’s brain works!

But let us go back to Neuroscience. First thing, we will identify a particular

function that our brain performs. We will try to simplify this particular function

to its very essence, eliminating at first most ingredients that seem to us not

essential. At this point, we will build a model to explain how this skeletal

version of our brain function works. In order to do this, we will need a model

neuron to begin with, then we will put together assemblies of neurons and

study their features. We would probably get the gist of the function, at least

from the “Artificial Intelligence” point of view: we will have a model that can

simulate more or less well the brain function. The first crucial ingredient of
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such brain function model is the neuron. Neurons come in a large variety and

are extremely complex cells. To build a model of a brain function, we need to

isolate the features of the neuronal cell that we think are sophisticated enough

to implement the algorithm, but not too complicated or the model would be

baroque and, for example, hard to simulate.

Our real goal is to understand how the brain works! So we will ask the

question whether this apparently successful model is in fact plausible from the

biological point of view. It probably won’t be any close to the real thing, so

we will have to go back to our assumptions, revise them, add more structure.

Until we see some resemblance to what we believe happens in our brain, when

we perform that function. And we can play along all the way until we will be

able to solve the neural code problem. Summarizing:

• Pick a brain function.

• What is the essential, simplest mechanism that can realize it? (AI point

of view)

• Is this simple realization related to the brain? (Computational Neuro-

science point of view)

• What kind of model neuron suffices to realize such function?

• Is this simple model good enough to be compared to the actual measure-

ments and make predictions?

• Add details until we find reasonable agreement with neurobiological data,

or abandon model and start all over again.

1.1. Structure of the course

What kind of language can we use to describe brain functions? There are

at least two coarse-grained levels of analysis: the biological level of flesh and

blood; the more abstract level in which the bits and pieces come together to

describe the emergent phenomena of brain functions.
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The biological level is the most fundamental one. All insights about the

brain come from some experimental discovery, some new electrophysiological

mechanism unveiled, some new neurotransmitter, and so on. The main focus of

this lectures will be on how to use these insights to build models that explain

what makes the brain such a special piece of flesh: three pounds of meat that are

the most complex and fantastic system we ever encountered in nature. Unlike

the hydrogen atom, the Standard Model, or a neutron star, our brain is such

a sophisticated system that it can look into itself to understand how it works.

Well, at least it hopes to do so...

Statistical mechanics

The keyword of the computational neuroscience approach to the brain is

emergence. The single neuron is a very simple, yet powerful, computational

unit. However, each brain function is the product of the collective interactions

of millions of neurons, possibly all of the hundred billion neurons that make up

our brain. Each neuron has on average 104 synapses that connect it to an equal

number of other neurons. It is the largest parallel computer on Earth. The

crucial insight is that complex brain functions are very likely to be collective

phenomena arising from large networks of neurons. The natural language to de-

scribe collective emergent phenomena is statistical mechanics. The goal of this

discipline of physics is to explain the macroscopic behavior of thermodynam-

ics quantities, such as energy, temperature, entropy, by using the microscopic

degrees of freedom that secretly make up the system we are looking at.

The perfect analogy is from condensed matter theory. A spin chain system

is made of single units whose dynamics is rather boring: they have two states,

spin up/spin down and interact with a nearest neighbor interaction that might

flip or not each spin, according to the total field at that point. It turns out

however that, once you look at the spin chain from afar, you find that the normal

modes of vibration of the system, namely the eigenstates of its hamiltonian, are

collective excitations that involve all the spins at the same time and propagate

as a coherent wave along the whole spin chain: the phonons.

A second, more striking analogy, is the holographic correspondence in the
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context of string theory. Suppose you start with your favorite field theory and

look at its renormalization group flow, as you move from the UV fixed point

towards the IR. We would like to ask what the effective description of the degrees

of freedom at low energy is. Take the particular example in which the theory is

conformal. We look at the field theory from larger and larger distances, getting

a coarse-grained description of the fields that enter into the lagrangian. It turns

out that the correct description of the theory in this framework is a gravity

with a negative cosmological constant, in one more dimension. It is as if the

field theory develops an emergent extra direction, related to the energy, and its

physics is described by a completely different set of degrees of freedom, that we

would never guess from the UV. Nevertheless, it is always the same object that

we study, from the different micro- or macro-scopic points of view.

Methods of statistical mechanics are a central tool to understand the emer-

gence of brain functions from the collection of single neurons. The first part of

the lectures is going to be a recap of the basic ideas of ensembles, mean field the-

ory and the Ising model, including several exercises, whose solution technique

is directly applicable to neuroscience problems. In particular, we will solve the

one-dimensional long range Ising model, which is similar to the Hopfield model

of associative memory.

Associative memory

The second part of the lecture will address the simplest example of a brain

function that we can attack using statistical mechanics methods: associative

memory. Historically, this is the landmark example of a mathematical model,

whose emergent behavior is very reminiscent of a brain function. We will regard

it as the “harmonic oscillator” of computational neuroscience. In theoretical

physics, the harmonic oscillator is the basic object that we can completely solve

and understand in every small detail. Even if it usually does not provide a

realistic description of the physical system we want to study, it certainly gives

a starting point to which we can add structure, like interactions, to make closer

to the real world. Even the Standard Model of electroweak interactions has
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a basic structure that is a perturbation around free fields (a collection of an

infinite number of harmonic oscillators).

The model of associative memory we will study is called the Hopfield net-

work. It is a system of spins Si = ±1, just like the Ising model, whose interac-

tions are long range, with hamiltonian

H = −1

2

∑
ij

wijSiSj .

This is our first model neuron, hard to beat as far as simplicity is concerned:

a spin with two states. The crucial ingredient in the Hopfield network is the

coupling matrix wij , which is a model for the synaptic connections between

different neurons.

The goal of the model is to give us a hint of how auto-associative memory

works. Auto-associative memory is very elementary: I give you a clue about

a pattern, say “Ame” and you have to retrieve to whole pattern, stored as a

memory: “America”. In terms of our Hopfield network, the stored memory is a

fixed configuration of spins Si = ξi. Upon presenting the system just part of the

pattern, say half of it, the configuration of spins evolves dynamically according

to some update rule

Si(t+ 1) = sgn (wijSj) ,

to end up in the full stored pattern ξi.

It is believed that the storage of patterns as long-term memory (from hours

to years) is encoded in the synaptic strengths. Namely, the information about

the pattern is encoded in the particular values taken by the synaptic connection

between the neurons. The main character of our story is therefore the matrix

of synaptic weights,

wij = ξiξj .

This particular form of the synaptic weights is called the Hebb rule, and leads

to a strikingly efficient memory retrieval.

We will go through the details of two aspects of this auto-associative memory

system:
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• Storage capacity: How many patterns can we store in such network?

• Efficiency: How can we make sure that spurious memory states do not

compromise our retrieval task?

We will postpone to later chapters the question of how we can learn some new

memory.

Probability theory and statistical inference

Our brain is a device that allows us to detect the current state of affairs

around us, use this guess to make predictions about the future, and then make

decisions based on those predictions. Since we live in an uncertain world, our

guesses are irreducibly probabilistic. For example, our brain takes partial clues

coming from the sensory inputs and estimates what the causes of those stim-

uli where. In other words, the brain is performing inference about the world

around it, given certain inputs. The proper language to describe inference is

clearly probability theory. That is why we devote a short interlude to recap the

basics of Bayesian statistics, in particular the laws of conditional probabilities,

enshrined into Bayes’ theorem. The probability P (x|y) of x occurring, given

that y occurred is

P (x|y) =
P (y|x)P (x)

P (y)
.

This simple formula gives us a key to interpret a lot of tasks the brain performs.

The statistical mechanics approach to studying emergent phenomena is on

the other hand perfectly suited to be applied to probability theory. After all,

the hamiltonian of the Ising model gives us a natural measure of the probability

P ({Si}) of a particular spin configuration at a fixed temperature 1/β

P ({Si}) =
e−βH(Si)∑
{Si} e

−βH(Si)
.

where the temperature is not the temperature of our brains, but rather the

noise in delivering the neural signal. A typical quantity we want to estimate is

the probability distribution P (w|ξ) of the weights wij that can encode a certain
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stored memory pattern ξi, called the likelihood of the parameters, given the

data.

At the same time, we need probability theory to analyze the data coming

from our neuroscience experiments and isolate the meaning of the neural code.

So inference is doubly relevant to this field, being both the method we used to

extract information from the experimental data and, often, a simple model of

brain function itself that we are after.

Supervised learning

So far, we discussed the simplest possible system that, once the memories

are stored, can act as an auto-associative memory and retrieve the full pattern

given a partial clue. We did not say anything about how the storing process

works. The most striking feature of the brain, from many perspective, is the fact

that it can learn new stuff at all. If you repeat ten times a ten digits important

phone number, chances are you are going to remember it when needed. How do

memories form?

It is believed that synaptic plasticity is the neurophysiological mechanism

responsible for long-term memory.1 This means that all of the information is

stored in the particular values that the synaptic weights wij take. The question

is: how do we modify the weights to store new information?

We will not be interested so much in the biochemical details of synaptic

plasticity, as rather in understanding the simplest model of synaptic update

that can realize a particular brain function (and then checking whether this

is biologically plausible). We will consider first the simplest way of learning:

learning with a teacher, or supervised learning. Our brain is given a particular

input ξi, it performs its calculations and spits an answer O. The teacher gives

the neuron the correct answer, call it ζ, and the neuron adjusts its synaptic

weights wij in small steps, upon presentation of the training patterns ξ − ζ,

1Short-term (a.k.a. working) memory is related to persistent activity of firing neurons

instead.
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until the output reproduces the correct answer.

A good learning rule, which is also biologically plausible, is the delta rule:

wnewij = woldij + δiξj ,

where δi = ζi − Oi is the error. It is possible to recast this learning rule into

an extremization problem, where the cost function G to be minimized measures

the distance between the correct answer ζi and the actual output Oi. This is

called the gradient descent learning algorithm

wnewij = woldij −
∂G

∂wij
.

We will show how to implement the supervised learning algorithm into in-

creasingly more realistic systems. We will start with the perceptron, a single

neuron with a simple activity rule

O = sgn (
∑
j

wjξj) .

This device can perform the AND and OR functions, but not the XOR. If we

collect more layers of perceptrons into a multi-layer feed-forward network, the

signal moves unidirectionally from the inputs, through the layers and to the

outputs: this device can perform the XOR task and is, in fact, a universal

approximator. The delta rule takes a simple local form in these networks, called

error back-propagation.

Empowered with probability theory, we are in the perfect position for inter-

preting learning as an inference process that our brain makes on the external

world. It will be amusing to recast the learning rules into the language of con-

ditional probability and see that the gradient descent algorithm corresponds to

a maximum likelihood procedure, that produces the set of synaptic weights wij

that are most likely to reproduce the set of training data ξ − ζ provided by the

teacher.

Unsupervised learning

We have considered the most obvious way of learning something: learning

with a teacher. A neuron receives some inputs, performs its computation, then
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spits an output. There’s a teacher outside that tells the neuron what is the

correct output. If the two outputs do not agree, the neuron adjusts its synaptic

weights according to a supervised learning algorithm. It is clear that in general

there will not be a teacher around to tell each output neuron if its computation

was correct. We will turn next to the case of learning in which there is no

teacher (unsupervised). Namely, we have a neural network with some input and

a learning rule, which is only based on inputs ξ and/or outputs O. The network

is fed some inputs, spits out an output and updates its weights automatically.

The learning rule we will adopt is the simplest form of the celebrated Hebb

rule for synaptic plasticity: If neuron A and neuron B fire together, the weight

connecting them gets strengthened:

∆wij = Oiξj .

We will show that this simple rule, with some little adjustments, performs the

Principal Component Analysis of the input signal: it computes the eigenvectors

of the covariance matrix of the input.

Unsupervised learning is what happens for instance when you are just a

newborn baby, coming out of the womb for the first time. Your cortex must

learn how to use the inputs coming through your senses, say the visual signal

from the retina. But there is no Maxwell devil sitting on top of your retina,

instructing your neurons about their tasks. Unsupervised learning with a multi-

layer feedforward architecture explains how the neurons in the visual cortex

learn to detect the orientations of the edges in the images of the world around

us!

In the supervised learning algorithms, our model neurons were able to learn

very specific set of patterns ξ − ζ. However, in the real world we are not really

sure about what are the causes of our stimuli. In fact, we can at most estimate

our degree of belief that a certain stimulus is produced by a certain cause A,

rather than a different one B. To overcome this limitation, we will introduce a

more sophisticated device: the Boltzmann machine. It has two main features:

• It learns probability distributions, rather than fixed patterns.

13



• It contains hidden units, that can detect higher order correlations among

the inputs.

The learning algorithm for this device is going to be extremely interesting. It

consists of two terms called “wake” and “sleep” terms. The “wake” term is

a Hebbian rule whose goal is to make the weights as close as possible as the

ones that produce the training distribution. The “sleep” term works when the

machine is not connected to external inputs, but is in a sense “dreaming”,

or evolving according to its internal dynamics. This last term removes the

correlations generated by the sleeping mode.

Reinforcement learning

Unsupervised learning has had a big success in explaining how the brain

develops basic abilities of detecting features in the sensory stimuli coming from

the outside world. However, once we grow up, we learn and make decisions

based on our own interaction with the environment. Usually, we turn right

and walk ten blocks to get to a grocery store, where we can find our favorite

brand of granulated sugar. But since we are very curious animals, we’d like

to explore the neighborhood to check if there are other grocery stores, either

closer or that carry a better kind of delicious granulated sugar. Since we can’t

afford a smartphone with GPS, we must just take the chance and walk around

town. After walking for a while, sometimes we will find a new grocery store

with amazing sugar, sometimes we will just run into stray dogs that bark at

us. By performing our daily exploration, it happens that after a few trials, we

somehow learn where the best grocery store in town is and what the quickest

way to get there is.2

This kind of learning is still somehow supervised, because when we walk the

right way we get rewarded, otherwise we get punished or just bored. But in

this kind of learning, there is no omniscient teacher that supervises each of our

2Yes, we are the subjects of the maze task experiment, performed on us by the little white

rats in our lab [1].
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billions of neurons and reveals the correct spike that leads to the sugar. In real

life, most of the time we do not have a “training set” of input-output matches

to update our synaptic weights. We just get an overall reward signal: some

quantity of sugar. Based on that, we must modify our synaptic weights in order

to learn how to get to our treat. This kind of biologically plausible learning

procedure is called reinforcement learning.

A procedure that realizes this intuition is one that maximizes the reward: it

is called reinforcement learning. We will discuss how to implement a gradient

ascent method using the average reward 〈R〉 as an error function function to

learn our way through town:

∆wi = η
∂〈R〉
∂wi

.

This implements the delta rule of reinforcement learning, that updates the

weight based on the difference between the actual reward R and the expected

reward V

∆wi = η(R− V )ξi .

This method works great if the decision-making task we face is simple. Namely,

if we just have to decide a left or right turn, and then get a reward or not. But

suppose that our grocery store is two blocks from us. At the first block, we have

to decide where to turn. Here, we don’t get an immediate reward, but we must

choose again at the second block and only then get rewarded. In case we miss

the store, how can we decide that we did a mistake at the first block, rather

than at the second block, or both? Or imagine the case in which there are two

different grocery stores: the one that carries our favorite sugar is five blocks

away but there is a closer one two blocks away, with a so and so brand of sugar.

How are we going to decide what is the best course of action at an intermediate

traffic light? This is the temporal credit assignment problem.

We clearly need a way to assign different values to different places, say each

block, given a particular course of action: the total amount of reward we expect

from that block on. We will see how to solve this problem in a particular model

called temporal difference (TD) learning. By comparing the total future reward
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we will get to our current estimate of such reward, we can adjust our course of

action to maximize the total reward. This is called the actor/critic model of

reinforcement learning.

The game has two players. We start by deciding a policy, namely with

what probability we turn left or right at each block. Then the first player,

called the critic, evaluates how much reward we would get under this course of

action and the rewards we got during our previous explorations, namely how

much effective our policy proved so far: in this phase we compute the difference

between actual and expected reward at each block. In the second step, the actor

plays and uses the critic’s evaluation of the policy to improve the policy itself,

based on such temporal differences. This scheme is a rough approximation that

explains successfully a wide variety of conditioning experiments.

Spiking neurons

The first part of these notes is concerned with conceptual issues mostly. Our

goal there was to isolate and explain piece by piece what are the simplest com-

putational mechanism that can potentially describe some aspects of our brain

functions. We considered auto-associative memory and the various learning

algorithm, supervised, unsupervised, reinforcement, as tasks to be realized in

networks of very simple neurons: either Ising spins, or perceptrons.

In the second part of these notes, we will take a more pragmatic point of view

and try to make direct contact with the flesh and blood neuronal cells inside

our brain. Whereas the perceptron captures some crude aspects of the neuron

computational abilities, it is clearly very far from reproducing its biological

features. We will take a closer look at a real neuron and see how it actually

processes the inputs and spits the output using the action potential. This

electro-chemical signal is the fundamental ingredient in neural computations

and we will refer to it as a spike. We can describe spike generation using a

set of coupled differential equations that go under the name of the Hodgkin-

Huxley model of the neuron: it describes the dynamics of ion channels and

gates that conspire in generating the action potential.
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In order to reproduce many experimental observations, though, we will not

need the full glory of the Hodgkin-Huxley neuron. It suffices to consider a much

simpler model, known as the leaky integrate-and-fire neuron. The membrane

potential V (t) of the neuron is schematically encoded into a simple RC circuit,

described by the differential equation

τm
d

dt
V (t) = −[V (t)− Vrest] +RI .

The pre-synaptic neurons excite a current I through the ion channels at the

synapses. The current flows into our post-synaptic neuron, whose membrane

resistance is R, and its potential V (t) increases above its resting value Vrest.

The rule of the game is that whenever V (t) reaches the threshold value Vth, the

neuron emits an action potential (spike) and resets to its resting potential Vrest.

The leaky part of the model is the fact that, when there is no input currents

I, the potential relaxes exponentially to its resting value with a time constant

τm ∼ 10 ms.

Stochastic neurons

When you look at neurons in vivo in the cerebral cortex, it is often the case

that the input current, generated by the thousands of signals coming from the

pre-synaptic neurons, looks like a noisy current. In the diffusion limit for the

incoming currents, one can reproduce the features of such a live neuron using a

stochastic differential equation called the Ornstein-Uhlenbeck process

τdV = −(V − Vrest)dt+RIdt+ σξt
√
dt .

The input current has two terms. The first term I is the mean current, while

the last term represents the noise contribution to the current, characterized by

the zero mean Gaussian process ξt and its variance σ.

At this point, we will need to take a short detour into the study of stochastic

differential equations and the Fokker-Planck equation.3 Using these powerful

3Such methods are useful in a wide variety of context. In particular, they are the same

methods that hedge funds exploit to skim billions out of the market by high frequency trading.
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tools we are now well equipped to build realistic models of networks of neurons

in the cortex. We will consider one particular example, that has been widely

studied in the literature: short-term or working memory.
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Prologue:

Statistical Mechanics
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2. Recap of Statistical Mechanics

We will give now a flash summary of key concepts and methods in statistical

mechanics, as based on a graduate level class. These methods are widely used

in all the rest of the course and this Section comes in handy. After reminding

ourselves the definition of the most common statistical ensembles, microcanon-

ical, canonical and grand canonical, we will rederive them by observing that

they all maximize a quantity, called the statistical entropy. Then we will in-

troduce the Ising model with nearest neighbor interaction and solve exactly the

one-dimensional case, to show that there is no phase transition. It is a gen-

eral phenomenon, that one-dimensional systems with short-range interactions

do not display phase-transitions. If in the same system we introduce long-range

“non-local” interactions instead, we can produce phase transitions even in one

dimension! We will compare the nearest neighbor interaction with the long-

range model. Most natural systems are not exactly solvable, unlike the Ising

model. One therefore needs to develop some approximations to compute the

observables. The basic tool we will discuss is mean field theory.

2.1. Ensembles

Statistical mechanics is about understanding from a microscopic point of

view how everyday observables emerge, like energy, pressure, magnetization,

number of particles. Given a macroscopic system with, say, some fixed energy,

there are many different ways (microscopic states) in which we can arrange the

tiny constituents to realize such energy configurations. The number of ways we

can arrange microstates to generate a given macroscopic configuration makes

up what we call entropy.

The postulate of equilibrium statistical thermodynamics is that, when we

measure a macroscopic observable of our system, like the energy, we are actu-

ally averaging over a large number of microscopic states, consistent with the

measured value of the observable. Such ensemble of microstates is called the

Gibbs ensembles.
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Typical systems we encounter in Neuroscience are a collection of a fixed

number of N neurons, that form a neural network, in contact with some external

bath of incoming signals. In all our applications to Neuroscience, it will suffice

to use only one particular kind of ensemble, called canonical. We assume that

our system has a fixed number N of particles and a fixed volume V , and it is

in contact with an external heat reservoir at fixed temperature T , with which

it is in equilibrium. The only thing our system can do is then exchanging heat

with the thermal bath, adjusting its energy E. We will see when studying

memory that temperature can be interpreted as the amount of noise in the

signal transmission among neurons.

The macroscopic system is characterized by the value of the energy observ-

able at fixed temperature. The microstate s with energy Es occurs with a

probability

Ps = P(Es) =
e−βEs

Z(V,N, T )
, (1)

where we introduced the canonical partition function

Z(V,N, T ) =
∑
r

e−βEr , (2)

where r labels all of the microstates in the theory, including their degeneracy.

In this way the probabilities sum up to unity. The factor

β =
1

kT
,

introduces the temperature T and the Boltzmann constant k = 1.3806504(24)×

10−23 J/K = 8.617343(15)× 10−5 eV/K.

In classical mechanics, the partition function is determined by the integral

of the density of states ρ(E)

Z(V,N, T ) =

∫
dE ρ(E)e−βE .

In a quantum mechanical system, suppose we have an energy operator H with

a discrete spectrum of eigenvalues Er and eigenvectors |ψr〉. The system is

completely characterized by its density matrix

ρ =
∑
r

|ψr〉Pr〈ψr =
1

Z

∑
r

|ψr〉e−βEr 〈ψr| , (3)
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where Pr = e−βEr/Z is the probability (1) of having an eigenstate ψr and

Z(V,N, T ) = Tr e−βH ,

which gives us back (2). Given an observable A, corresponding to an operator

acting on the quantum mechanical Hilbert space, its macroscopic average is

given by

〈A〉 = Tr ρA .

2.2. Entropy

Let us derive the different statistical ensembles from a more current point

of view, introducing the concept of statistical entropy, related to information

theory. Suppose we have a series of events {er}, for r = 1, . . . ,M , each event

occurring with probability Pr ≥ 0, subject to the constraint∑
r

Pr = 1 . (4)

The entropy of the probability distribution {Pr} is

S = −
M∑
r=1

Pr lnPr .

If we only have one event, the entropy is obviously vanishing. If all event are

equally likely, namely Pr = 1/M , the entropy is maximal: S = lnM . You got

the basic point: the less information carried by the probability distribution, the

larger the corresponding entropy. One can prove in fact that 0 ≤ S ≤ lnM , by

finding the extrema of S subject to the constraint (4). If we have two series of

events {er} and {er′} with probability distributions P and P, the entropy of

the total system satisfies the inequality S(P ⊗ P ′) ≤ S(P) + S(P ′), where the

equality holds in case the two sets are statistically independent. The entropy is

therefore an extensive quantity.

A quantum mechanical system with density matrix (3) has a statistical en-

tropy

S = −kTr ρ ln ρ = −k
∑
r

Pr lnPr ,
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where we introduced the Boltzmann constant to identify the statistical entropy

with the thermodynamic one.

The Fundamental Postulate of Equilibrium Statistical Mechanics gives us a

way to derive the various ensembles from the definition of statistical entropy.

Suppose we are given a system in which a certain number of observables are

fixed to specific macroscopic values 〈Ai〉. Among the many density matrices

that are compatible with the values 〈Ai〉 = Tr ρAi, we must choose the one

that maximizes the entropy S. Such density matrix describes the Boltzmann,

or equilibrium, distribution.

Let us put work out the consequences of this principle. We build our trial

entropy functional

1

k
S̃ = −Tr ρ ln ρ+

∑
i

λi(Tr ρAi − 〈Ai〉)− λ0(Tr ρ− 1) ,

where the λ’s are Lagrange multipliers. Using the fact that dTr f(A) = Tr f ′(A)dA,

we can extremize the trial entropy

−1

k
dS̃ = Tr dρ

(
ln ρ+ 1−

∑
i

λiAi + λ0

)
= 0 ,

requiring that the quantity inside the parenthesis vanishes for all ρ and derive

an expression for the density matrix of the Boltzmann equilibrium distribution

ρB =
1

Z
e
∑
i λiAi , Z = Tr e

∑
i λiAi .

The entropy is then given by S = −kTr ρB ln ρB that turns into the familiar

Legendre transform of lnZ with respect to the Lagrange multipliers λi

S = −k lnZ + k
∑
i

λi〈Ai〉 ,

where

〈Ai〉 = ∂λi lnZ . (5)

If we fix the average value of the energy E = 〈H〉, we derive the canonical

ensemble (3), that we can read also as

ρ =
1

Z
e−βH . (6)
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The Lagrange multiplier for the energy constraint is the inverse temperature

β = 1/kT and the thermodynamic potential in this case is called the Helmholtz

free energy (the analogue of the effective action in quantum field theory)

F (V,N, T ) = − 1

β
lnZ = E − TS.

If we fix other average values of other operators 〈Ai〉, we can derive different

thermodynamics potentials, according to our specific problem in the lab. For

instance, fixing both average energy and particle number gives the grand po-

tential for the grand canonical ensemble, that depends on both the temperature

and the chemical potential (sometimes called fugacity).

The effect of probing our system with an external stimulus is parametrized by

the dependence of our averaged observable 〈Ai〉 on its corresponding Lagrange

multiplier. We will call this the “response.” Thanks to (5), this is equal to

the second variation of the logarithm of the partition function. But the latter

quantity defines the quadratic fluctuation of our observable around its average

value. We just established the very useful fluctuation-response theorem

∂λj 〈Ai〉 = 〈(Ai − 〈Ai〉)(Aj − 〈Aj〉)〉 . (7)

One can prove that the matrix ∂λi∂λj lnZ is a positive definite quantity, which

implies that lnZ is a convex function of the λ’s, while the entropy S is a concave

function of the 〈Ai〉’s.

2.3. Nearest-neighbor interactions

Let us illustrate the cuteness of the canonical ensemble in the simplest ex-

ample of an interacting system: the one dimensional Ising model with nearest-

neighbor interactions. It turns out that the partition function is exactly solvable,

using for instance the transfer matrix method. Along the way, we will introduce

the concept of a thermodynamic limit and connected correlation functions.

The Ising model was invented as an approximation to the Heisenberg model

of ferromagnetism. In this model, we are given a collection of lattice sites, each
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Figure 1: The spin chain realization of the Ising model with periodic boundary conditions.

The arrows denote the spins Si in (8). Spin up is Si = 1, spin down is Si = −1.

of which hosts a spin one-half variable ~σi and hamiltonian

H = −J
∑
<i,j>

~σi · ~σj − µ
∑
i

~B · ~σi ,

where µ is the magnetic moment of the spins, J is the nearest-neighbor interac-

tion strength and B is the external magnetic field. The interaction sum < i, j >

runs only on nearest-neighbors. However, this model is not exactly solvable, so

we replace it with a simpler one that is very easy to solve.

The Ising model consists of N spin variables Si = ±1, lying on a spin chain

with periodic boundary conditions and hamiltonian

H = −J
N∑
i=1

SiSi+1 − µB
N∑
i=1

Si , (8)

We fix periodic boundary conditions SN+1 = S1. The partition function is

Z =
∑
{Si}

e−βH . (9)

We now evaluate (9) exactly. Let us define K = βJ , K ′ = βµB and rewrite

Z =
∑

S1=±1

. . .
∑

SN=±1

N∏
i=1

T (Si, Si+1) = TrTN , (10)
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where we introduced the transfer matrix

Ti,i+1 = exp

(
KSiSi+1 +

K ′

2
(Si + Si+1)

)
=

 eK+K′ e−K

e−K eK−K
′

 . (11)

Thanks to the trace appearing in (10), we can solve the problem simply by

diagonalizing the transfer matrix, which is symmetric and real

T = RDR−1 , D = diag(λ+, λ−) ,

where R is a similarity transformation, that at zero external magnetic field reads

R =
1√
2

 1 1

1 −1

 = R−1 ,

and the eigenvalues λ+ > λ− are

λ± = eK
(

coshK ′ ±
√

sinh2K ′ + e−4K
)
.

The partition function is finally given by

Z(N,T ) = λN+ + λN− . (12)

The thermodynamic limit of a statistical mechanical system is obtained by

taking N,V →∞ while keeping the ratio V/N fixed. A quantity that scales like

N is called extensive and is well behaved under this limit. Let us compute the

thermodynamic limit of the free energy of our Ising model, in which the volume

V is by construction proportional to the total number of spins N . We can see

from (12) that F = −(1/β) lnZ scales like N . In thermodynamic limit, only

the largest eigenvalue λ+ survives and we can define the free energy per spin f

in this limit

f(T ) = − lim
N→∞

1

βN
lnZ(N,T ) = − 1

β
λ+ . (13)

We want to see what happens to our spin chain when we dial the external

magnetic field. The relevant observable in this case is the magnetization. Since

this is an extensive quantity that scales like N , when we take the thermodynamic

limit the correct observable is the magnetization per spin, which stays finite

m =
µ

N
〈
∑
i

Si〉 = − 1

βN

∂ lnZ

∂B
= − ∂f

∂B
. (14)
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Now, thanks to the fluctuation-response theorem (7), we know that the variation

∂Bm of the magnetization in response to a change in the external magnetic field

(which is the Lagrange multiplier associated with the magnetization) is given

by the connected two-point function of the spins. Let us derive this result in

our particular case

1

βN
∂Bm = − 1

(βN)
∂2
Bf =

1

(βN)2
∂2
B lnZ =

1

(βN)2
[Z−1∂2

BZ − (Z−1∂BZ)2] ,

and recalling that Z−1∂BZ = µβ〈
∑
i Si〉 and Z−1∂2

BZ = (µβ)2〈
∑
ij SiSj〉 we

finally obtain

1

βN
∂Bm = µ2

N2

∑
ij (〈SiSj〉 − 〈Si〉〈Sj〉)

= 〈m2〉 − 〈m〉2 .

Hence, the response of the magnetization to a variation of the magnetic field

is given by the fluctuation of the spins. We therefore want to compute the

two-point function of the spins.

Let us compute the correlation function of a pair of spins at two different

sites

〈SiSj〉 = Z−1
∑
{S} SiSje

−βH

= Z−1
∑
{S} Tr (. . . Ti−1,iSiTi,i+1 . . . Tj−1,jSjTj,j+1 . . .) ,

= Z−1
∑
{S} Tr (. . . Ti−1,iσ3Ti,i+1 . . . Tj−1,jσ3Tj,j+1 . . .) ,

= Z−1
∑
{S}Tr (. . . R−1Di−1,iRσ3R

−1Di,i+1R . . .

. . . R−1Dj−1,jRσ3R
−1Dj,j+1R . . .) ,

where Ti,j is the transfer matrix (11). Let us set for simplicity the external

magnetic field B = 0. It is immediate to realize that SiTi,j = (σ3T )i,j , where

σ3 is the usual Pauli matrix and now we can diagonalize the transfer matrix

once again and observe that Rσ3R
−1 = σ1. After a brief and straightforward

manipulation we find

〈SiSj〉 = Z−1TrDi−1σ1D
j−iσ1D

N−j+1 ,
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where D is the diagonal matrix in (11). The effect of inserting the spin variables

in the trace is tantamount as flipping the eigenvalues of the transfer matrix as

σ1Dσ1 = diag(λ−, λ+) and one finally obtains, in the thermodynamic limit

〈SiSj〉 = (λ−/λ+)
j−i

= (tanh[J/kT ])
|j−i|

. (15)

We learn a general feature of the thermodynamic limit: the largest eigenvalue

controls the free energy, while its ratio to the second largest one controls the

correlation function.

The two-point function determines how strongly a perturbation inserted at

the i-th site will propagate to the distant site j. Hence, it is useful to introduce

the concept of correlation length ξ and rewrite

〈SiSj〉 = exp

(
rij
ξ

)
.

In our simple Ising model, with unit lattice spacing, the distance is rij = |j − i|

and from (15) we find

ξ = 1/| ln tanh(J/kT )| . (16)

The correlation length in the one-dimensional Ising model is a monotonically

increasing function of the temperature, which shows there is no phase transition.

Alas, no phase transition in this model. At this point, you have two choices:

you might be very discouraged and quit, just like Ising himself did after finishing

the previous computation, or you may keep an optimistic mindset and move

to the next model. If you bear with me a few more paragraphs, you will be

rewarded by a real phase transition.

2.4. Long-range interactions

It is a general lore that systems in one spacial dimensions do not have phase

transitions. However, this is only true if the interactions are short-range, as

in the case of the 1d Ising model with nearest-neighbor interactions that we

just solved. A very cute example of a phase transition, that we will discuss

now, happens when we consider the same 1d Ising model, but we we change the
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couplings to obtain a non-local theory. This example is similar in spirit to the

spin glasses we will introduce later on. Consider the hamiltonian

H = − J

2N

∑
i,j

SiSj − µB
∑
i

Si , (17)

where now the sum in the interaction term runs over all the lattice sites, not just

the nearest-neighbors as in (8). Note that the coupling strength is decreasing

as we increase the total number of spins, which is necessary for the system to

have a thermodynamic limit. The model is still exactly solvable, by resorting

to a clever trick called the Hubbard-Stratonovich transformation. Since we are

summing over all spins, we can rewrite

∑
i,j

SiSj =

(∑
i

Si

)2

−N.

The hamiltonian thus reads

H = − J

2N
Σ2 − µBΣ− J

2
,

where Σ =
∑
i Si. In the following, we will drop the last term since it will be

irrelevant in the large N limit. We now convert the last quadratic term in Σ

into a linear term, by noting the following property of the Gaussian integral

ea
2Σ2

=

∫ +∞

−∞

dx√
π
e−x

2−2aΣx ,

where in our case a =
√
βJ/2N . The partition function for the theory (17) is

thus

Z =
∑
{Si} exp

(
βJ
2N

∑
i,j SiSj + βµB

∑
i Si

)
(18)

=
∫

dx√
π
e−x

2 ∑
{Si} e

(βµB−2ax)
∑
i Si .

It is easy to perform the sum over the spin configurations now, since it just

factorizes, leading to the partition function

Z =
∫

dx√
π
e−x

2 ∑
{Si}

∏
{Si} e

(βµB−2ax)Si .

=
∫

dx√
π
e−x

2

(2 cosh(βµB − 2ax))N ,
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where we used 2 coshx = ex + e−x. Setting w = 2ax − βµB we finally obtain

the exact partition function

Z =

√
N

2Jβπ

∫
dw e−Ns(w) , s(w) =

(w + βµB)2

2Jβ
− ln(2 coshw) . (19)

We want to study the occurrence of phase transitions in the thermodynamic

limit. First of all, we note that, in the limit N → ∞, the integral in (19)

can be evaluated by the saddle point approximation and it localizes around the

minimum w0 of the function s(w). By Taylor-expanding around the minimum

and shifting the integration variable w = w0 + u/
√
N , we can easily evaluate

the integral∫
dwe−Ns(w) =

∫
du√
N
e−Ns(w0)−u22 s

′′(w0)+... = e−Ns(w0)

√
2π

Ns′′(w0)
+ . . . ,

where we omitted terms that drop in the thermodynamic limit. The partition

function reads

Z = [Jβs′′(w0)]
−1/2

e−Ns(w0)[1 +O(1/
√
N)] .

In the thermodynamic limit, only the exponential part survives and we find a

free energy density

f = lim
N→∞

−kT
N

lnZ = kTs(w0) .

To investigate whether a phase transition occurs, let us consider the magne-

tization per spin (14). When the external magnetic field vanishes, the Hamil-

tonian of our Ising model (8) displays the obvious Z2 that flips the spin signs

Si → −Si. The magnetization (14) is odd under this symmetry, so we expect

it to vanish at B = 0. On the other hand, we know that the ground state

configuration of the system must be a minimum of the free energy F = E−TS.

Two competing effects are at work here. On one hand, we want to minimize

the energy by aligning all of the spins in the same direction. At the same time,

we want to maximize the entropy, which requires having a random distribution

of spins. At very high temperature, the entropy wins and the magnetization
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vanishes. But as we lower the temperature, the “ordering effect” of the energy

starts to kick in and it is conceivable that at some value of the temperature en-

ergy wins over entropy and we develop a non-zero magnetization, even at zero

external field.

The way to proceed in order to investigate this issue is to first turn on a

non-zero external magnetic field B, breaking the Z2 symmetry explicitly. After

taking the thermodynamic limit, we take the limit of zero external magnetic

field, thus restoring the original Z2 symmetry of the hamiltonian

m± = lim
B→0±

lim
N→∞

m . (20)

The order of limits in (20) is absolutely crucial: if we reverse the order there

is nothing to check, since m = 0 from the very beginning in that case. But if

the thermodynamic limit is taken first, there is still a possible way out: the Z2

spin-flip symmetry may be spontaneously broken. This means that the ground

state has fewer symmetries than the hamiltonian. A quantity such as m, which

acquires a non-zero expectation value in the phase with broken symmetry, is

called an order parameter.

A little computation saves a lot of speculations, as the saying goes. Let us

first evaluate the magnetization in the nearest-neighbor Ising model we already

solved and check that it vanishes. We evaluate (20) using the free energy density

(13) and find

m± = lim
B→0±

lim
N→∞

1

β

[
∂ lnλ+

∂B

]
β

= 0 . (21)

The magnetization per spin vanishes in the nearest-neighbor model, which is

consistent with the fact that the correlation length (16) is a continuous function.

Much ado about nothing there...

Let us now go back to our long range Ising model. The magnetization per

spin (21) is given by

m = − ∂f
∂B

= − µ

βJ
(w0 + βµB) .

At zero external magnetic field, the magnetization m 6= 0 if w0 6= 0. Remember

now that w0 was defined as the minimum of the function s(w) and the condition
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Figure 2: Magnetization in the long range Ising model. Graphical depiction of Eq. (22): the

filled line is the right hand side, the dashed and pointy lines are the left hand side at B = 0,

below and above the critical temperature respectively. There are two solutions corresponding

to non-zero values of the magnetization, a positive m+ and a negative m−, at T < J/k.

s′(w0) = 0 gives

w0 + βµB = βJ tanhw0 . (22)

We need to look for solutions of (22) at zero external magnetic field. The

graphical solution to (22) is plotted in Fig. 2. First of all, it is obvious that when

the couplings J < 0, a.k.a. the anti-ferromagnetic coupling, the only solution is

w0 = 0 and the magnetization vanishes for any value of the temperature. But

in the ferromagnetic case J > 0 we have two different regimes:

• If βJ < 1 there is again only one solution, w0 = 0 and the magnetization

vanishes.

• If βJ > 1 two new solutions appear, a positive one for B → 0+ and a

negative one for B → 0−. It is easy to check that both solutions are

minima, while the third solution at w0 = 0 is a maximum.

As a result, we have found that m 6= 0 below the critical temperature Tc = J/k

and we have a phase transition! The Z2 spin-flip symmetry is spontaneously

broken.
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The equation (22) that determines the magnetization is the same as the equa-

tion appearing in the mean-field approximation to ferromagnetism. While the

usual mean-field theory is just an approximation in the case of nearest-neighbor

interactions, we find here that mean-field theory is exact in the thermodynamic

limit, when the interactions are long-range. Mean-field theory assumes that

each spin interacts in the same way with all the others, which is just an ap-

proximation in the former case, but it is an exact statement in the latter case

instead. The exactness of mean-field theory will show up again in the spin glass

models, whose interactions are similar to the ones we studied in the present

example.

Below the critical temperature, where two spontaneous magnetization states

±m appear, the phase space of the system splits into two separate parts. Such

an ensemble represents all the microscopic states of the system which are com-

patible with a fixed macroscopic value of the magnetization. It is not possible

to have trajectories that span the whole of the phase space anymore, but trajec-

tories are confined to either of the two regions. In other words, the spontaneous

symmetry breaking phase brings along a breaking of ergodicity.

In the symmetry breaking phase, the original Gibbs measure of the full sys-

tem P[S] = e−βH[S]/Z does not satisfy cluster decomposition anymore. While

at high temperatures we have 〈SiSj〉 = 0 = 〈Si〉〈Sj〉 for |i− j| → ∞, below the

critical temperature we find instead 〈SiSj〉 = m2 6= 〈Si〉〈Sj〉 = 0. There is a

canonical decomposition of the Gibbs measure into a direct sum of probability

measures that satisfy cluster decomposition and ergodicity

P[S] =
1

2
P+[S] + P−[S] ,

where P±[S] = limB→0± limN→∞
1
Z e
−βH[S]+B

∑
i Si . This means that, below

the critical temperature and for zero magnetic field, the phase space of the

theory gets split into two different components. These two regions never talk

to each other, namely any configuration has a trajectory in phase space that

stays in one superselection sector for all times and never crosses to the other

superselection sector. Superselection sectors described by P±[S] are called “pure
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states”. Note that in presence of a non-zero external magnetic field B, ergodicity

is restored.

2.5. Mean Field Theory

The Ising model with nearest neighbor interactions can be solved analyti-

cally in low dimensions. However, no solution is known for higher dimensions,

including the three dimensional case which is everybody’s favourite. So we need

to develop some approximation method that can lead us to reliable results. The

most common method was invented by Weiss in the far 1907 and goes under

the name of mean field approximation. We will first illustrate the general idea,

then apply it to the nearest neighbor Ising model, and finally show an amazing

result: that this approximation is in fact exact in the case where the interaction

is long range. The idea is that we want to estimate the free energy ln Z using

a variational approach, by exploiting its convexity.

Consider two positive definite hermitian operators X,Y . Then

TrX lnY − TrX lnX ≤ TrY − TrX .

We would like to use this inequality as follows. We have a system, described

by the true density matrix ρ, which is very hard to solve. We would like to

approximate it with another system, described by an alternative density matrix

ρλ, that we know how to use to compute expectation values. If we take as

our hermitian positive definite operators two different density matrices, the

true density matrix ρ and a trial one ρλ, both of whose traces are unity, we

immediately derive

− Tr ρλ ln ρλ ≤ −Tr ρλ ln ρ . (23)

Substituting the usual expressions for Gibbs distribution

ρ =
e−βH

Z
, ρλ =

e−βHλ

Zλ
,

we turn (23) into an inequality among the respective thermodynamic quantities

F ≤ Fλ + 〈H −Hλ〉λ ≡ Φ(λ) , (24)
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where the expectation value in the last term is taken with respect to the trial

density matrix ρλ, namely 〈O〉λ = Tr ρλO. The inequality (24) is the heart of

the mean field approximation. It states that the true free energy F , computed

using the hamiltonian H, is smaller than any variational estimate based on a

trial hamiltonian Hλ. The crucial point is that, even if we do not know how to

evaluate the l.h.s. of (24), we do know how to compute the r.h.s. which is an

approximation. Smaller successive estimates give better and better approxima-

tions. It can be shown that if H −Hλ ∼ ε, then F − Φ(λ) ∼ ε2.

2.5.1. Ising mean field theory

Let us apply this formal machinery to our favourite example: the Ising

model. It can be either the short range on in Section 2.3 or the long range one

in Section 2.4. It will apply just as well to the Hopfield network of associative

memory in the next Chapter. While in the short range case this really is an

approximation, in the latter two cases this will give the exact result. Consider

an Ising hamiltonian

H = −1

2

∑
ij

JijSiSj − µ
∑
i

BiSi ,

and the trial hamiltonian Hλ that we will use to approximate the true one

Hλ = −µ
∑
i

λiSi .

The idea is that we take an effective site dependent magnetic field λi to approx-

imate the true spin dynamics. Of course, the partition function for our trial

hamiltonian is exactly solvable

Zλ = Tr e−βHλ =
∏
i

2 coshβµλi ⇒ Fλ = − 1

β

∑
i

ln 2 coshβµλi .

We finally derive the trial magnetization at the i-th site

〈Si〉λ = mi = − 1

µ

∂Fλ
∂λi

= tanhβµλi . (25)

Now it’s time to compute the approximated free energy, that we called Φ(λ) in
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Figure 3: The graph of the magnetization m in (25) as a function of x = βµλ.

(24). We first need to evaluate the difference of the true and trial hamiltonians

using the trial density matrix. This is easy since in the trial density matrix

expectation values of spins just factorize 〈SiSj〉λ = 〈Si〉λ〈Sj〉λ = mimj and we

find

〈H −Hλ〉λ = −1

2

∑
ij

Jijmimj − µ
∑
i

(Bi − λi)mi .

Putting the pieces together, the approximate free energy is then just

Φ(λ) = − 1

β

∑
i

ln 2 coshβµλi −
1

2

∑
ij

Jijmimj − µ
∑
i

(Bi − λi)mi . (26)

The estimate closest to the true free energy will be the minimum of the trial

free energy (26), so we need to extremize it. Instead of extremizing it with

respect to the effective magnetic field λi, we can extremize it with respect to

the local magnetization mi in (25), since the latter is a monotonic function of

the former as we can see in Fig. 3

∂Φ

∂λi
= 0 ⇔ ∂Φ

∂mi
= 0 .
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Let us extremize the trial free energy

∂Φ(λ)

∂mi
=

∑
j
∂Fλ
∂λj

∂λj
∂mi
−
∑
j Jijmj − µ(Bi − λi) + µ

∑
jmj

∂λj
∂mi

= −
∑
j Jijmj − µ(Bi − λi) , (27)

where the first and the last term in the first line cancel due to (25). Imposing

∂Φ/∂mi = 0 we get

µλi = µBi +
∑
j

Jijmj .

But since λi = 1
βµ tanh−1mi, we finally obtain the fundamental equation of

mean field theory

mi = tanhβ

µBi +
∑
j

Jijmj

 . (28)

Integrating (27) we obtain the approximate free energy

Φ = 〈H〉P − TS[P] ,

where the energy

〈H〉P = −1

2

∑
ij

Jijmimj − µ
∑
i

Bimi

and the entropy

S[P] = −
∑
i

(
1 +mi

2
ln

1 +mi

2
+

1−mi

2
ln

1−mi

2

)
are both computed using the probability distribution

P =
∏
i

(
1 +mi

2
δSi,1 +

1−mi

2
δSi,−1

)
.

2.5.2. Critical exponents

If we take uniform external field Bi = B and uniform couplings Jij = J , with

nearest-neighbor interactions only in the hamiltonian, the mean field equation

(28) reads

tanh−1m− βdJm = βµB ,
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where d is the number of nearest neighbors to each lattice site. We want to

find the behavior of the magnetization m near the critical temperature Tc for

the phase transition. In this regime, m is small and we can expand tanh−1m '

m+m3/3 and find

m(1− βdJ +m2/3) = βµB ,

which gives the spontaneous magnetization

lim
B→0±

m(B) =

 ±
√

3
√

1− βdJ , forT < Tc

0 , forT > Tc

where the critical temperature is Tc = dJ . The critical exponent β, not to be

confused with the temperature β = 1/T , is defined as m ∼ |T −Tc|β and in this

case we have

β = 1/2 .

Guide to the literature

A very good text that covers everything from the basics of statistical mechanics

and thermodynamics to transport processes, which we pillaged to write this

chapter, is [2]. In [3] the reader can find a never-ending collection of clever

problems with solutions, from which we took the 1d Ising model with long-

range interactions.
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3. Associative Memory

The philosophy that I will follow throughout these lectures is the physicist’s

approach to nature:

• Take a particular phenomenon in its full complexity.

• Separate its salient features from the irrelevant details.

• Create a model that reproduces the basic barebone features of the phe-

nomenon, even if it might look oversimplified and not realistic at first.

• Starting from this skeletal model, add new features that bring it closer

and closer to the real world.

• Predict new quantitative observations, adding new features until you get

them right.

• Celebrate the achievement with your friends!

Following this simple algorithm, we will start by looking at the problem of

associative memory, building an oversimplified model at first, good enough to

show that the problem can be addressed successfully in the first place. This is

going to be a Hopfield network with a hamiltonian (which requires symmetric

synaptic weights). Then we will add a new degree of complexity in the next

Chapter, by relaxing the requirement of having a hamiltonian and introducing

the perceptron (asymmetric synaptic weights). Finally, we will go to the more

realistic Integrate-and-Fire model of the neuron in Chapter??.

In this Chapter, we will discuss a model of associative memory, called the

Hopfield network. We will first describe the computational task we are after,

then we will introduce the network and see that it is a long range Ising model.

We will give study the equilibrium solution of the network, first heuristically

and then providing an exact solution in the case of a finite number of stored

patterns.

Suppose I ask you: what is the capital of France? After a few milliseconds,

you recall from your archive of stored memories, under the categories France:
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capital the correct answer: Paris. The recovered answer is 100% exact. But

suppose now that I ask you what is the capital of Burkina Faso. You might just

not know it: no retrieval in this case. Or more likely, you might have heard it or

read it once in the past and vaguely remember its sound or a few letters in its

word. So your brain is going to scan for a while and try to retrieve its exact sound

and spelling, maybe something like “Ugadugu,” or perhaps “Ougagougou”... In

this case, you more or less remember it, even if you cannot recall the exact

answer. The retrieval for the categories Burkina Faso: capital is working with

some error, but it is still extremely useful if, say, you find yourself in a cab in

central Africa and want to go there. By the way, I cannot remember the correct

answer myself... try on the best associative memory database: Google!

Suppose now that you have a geography exam tomorrow, the topic is: all

the world’s capitals. You already know some, but you need to take an atlas and

study the rest of them. You work very hard and make some progress. But no

matter what, there is just no way you can memorize all of them... How many

can you remember? In other words, what is the storage capacity, let us call it

α, of your associative memory?

In this chapter, we will introduce a model of associative memory, named

after John J. Hopfield. It is a simple statistical mechanical model, which re-

tains some basic features of the complicated story we discussed above, yet it is

simple enough that we can solve it analytically. Even if it is not a fully realistic

model, the fact that it can be solved exactly is very important. I think of it

as the memory analogue of what the harmonic oscillator is in physics. It is

rare to find a physical system that behaves as a harmonic oscillator, but many

phenomena can be treated as a perturbative expansion around it. Likewise, our

brain is not really described by the Hopfield model, but the basic mechanism

for memory retrieval might be related to it. Moreover, we can write down com-

puter programs based on the Hopfield network, that perfom amusing tasks like

pattern recognition.
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3.1. Hamming distance

We want to construct a model that solves the following problem. I am

traveling along central Africa in a taxi, headed towards the capital of Burkina

Faso for an important meeting, but I just cannot remember the name of it. The

taxi driver seems to remember it: ”Ouga...something?”, which sounds like a

close shot. ”Bingo!”, you shout, recalling suddenly that your business meeting

is about establishing a new lottery program. As you listen to the first few letters

of the driver’s hint, the correct answer immediately bursts into your head, as if

a light bulb suddenly popped in front of your eyes: ”Ougadougou!”.

This is the problem we will address in this Chapter: given a partial clue

about the name of a capital city, retrieve the full name. Namely, given an input

series of binary bits that are somewhat similar to a certain stored pattern of

zeros and ones, we want a system that dynamically recovers the full answer.

Our memory consists of a set of p of stored patterns {ξ̃µi }, where the index

µ = 1, . . . , p labels the patterns, each of which is a vector with N entries that

can take values either zero or one, where the index i = 1, . . . , N denotes the i-th

entry in each pattern. This is the set of all the capitals that we know. Suppose

now that the taxi driver gives us a hint, which we denote as an input N -vector

ρi, for i = 1, . . . , N , where again each entry ρi can have the value either zero or

one. How close is the input hint ρ to each of the p stored patterns ξµ?

We can compare the input and the stored pattern bit by bit and collect a

zero if they agree and a one if they disagree. The sum of all the ones is called

the Hamming distance between the two strings of bits

d(ρ, ξµ) =
1

N

N∑
i=1

[(ρi − ξµi )ζi + (ξµi − ρi)ξ
µ
i ] , (29)

which we normalized such as d = 0 when the strings are identical and d = 1 when

they are complementary. The problem of associative memory can be rephrased

neatly as follows:

Our memory database contains p stored patterns ξµ, for µ = 1, . . . , p. Given

a new input pattern ρ, find among the stored patterns ξµ the one closest to

ρ, according to the Hamming distance.
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We need to invent a model that achieves this result.

3.2. The Hopfield Model

A horse is a very complicated biological system. However, for simulation

purposes, physicists and mathematicians are perfectly fine with modeling a horse

with a (topologically equivalent) three-dimensional sphere. In the very same

spirit, the very sophisticated biological system that we call neurons (they come

in many different kinds) will be idealized as follows. In this chapter, a neuron will

be a box with N input lines and N output lines. The input lines are the synaptic

connections coming in from all the other N neurons in our neural network. The

output lines are the feeding the output of the neurons to all the other units.

Each synapse between the presynaptic neuron j and the postsynaptic neuron i

will be weighted by a factor wij , called the synaptic weight. Here is a translation

between the quantities we would like to study in our brain and their Hopfield

net realization:

Dictionary

brain → Hopfield network

N neurons → N spins Si

synaptic weights → couplings wij

p memories → p stored random patterns ξµ

memory retrieval state → attractor

synaptic noise → temperature T

3.2.1. Model Neuron

What a neuron does is: it collects all of the incoming information from all

the other neurons nj(t) at time t and it sums them according to the respective

synaptic weights. If the total sum is larger than a certain quantity µi, that we

call the threshold for the neuron i, then it gives an output ni(t + 1) equal to 1

at time t + 1. We say that the neuron emits a spike. If the total sum is less

than the threshold, it gives zero. We can think of our neuron as doing the job

of a small computer. Hence, our neural network is a collection of N computers
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hooked up in parallel. Altogether, we have a parallel supercomputer! This can

be conveniently characterized by the following equation

ni(t+ 1) = Θ

 N∑
j=1

wijnj(t)− µi

 , (30)

where Θ(x) is the step function, equal to one if the argument is positive and

equal to zero otherwise.

In the following, we will think of our neural network as a collection of Ising

spins Si = ±1. Hence, we will translate from our binary variables to the spin

variables: Si = 2ni − 1 and the update rule (30) reads

Si(t+ 1) = sgn

 N∑
j=1

wijSj(t)− θi

 , (31)

where θi = 2µi −
∑N
j=1 wij and sgn is the sign function

sgn(x) =

 +1, x ≥ 0

−1 x < 0

In this chapter, we will be considering only equilibrium thermodynamics, namely

what happens once the system relaxes to the local minumum of its potential.

In any case, we will keep in mind that our update rule (31) will be such that

at each time step t we pick at random one of the neurons and update it, then

at the next time step, we will pick another one, and so on. One could choose a

probabilistic update rule, namely at each time step every neuron has a certain

probability of updating, but the results do not change.

We will consider a simplified model in which we set the thresholds θi = 0,

since they do not really affect the discussion, so our update rule will be

Si(t+ 1) = sgn

 N∑
j=1

wijSj(t)

 , (32)

Suppose now that after studying really hard we have memorized just a single

pattern ξ, the capital of France. In order for this pattern to be a fixed point of
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the dynamical evolution, it must be stable under the update rule (32)

ξi = sgn

 N∑
j=1

wijξj

 , (33)

which we call the stability condition. If we start with a configuration of neurons

ξ, we will simply stay there. Since
∑
i ξiξi = N , we see immediately that, to

achieve such a stable configuration, we can just set the weights equal to

wij =
1

N
ξiξj . (34)

Next, choose a different input configuration Si 6= ξi different from our stored

pattern. Let us say that m of the entries of S are different from the entries of ξ.

In our previous binary language, the Hamming distance (29) between the two

patterns is then d(S, ξ) = m. What happens when we apply the update rule

(32)?

Consider the following quantity, that we can call the local magnetic field

hi =

N∑
j=1

wijSj =
1

N

N∑
j=1

ξiξjSj =
1

N
ξi(N − 2m) .

If the stored and the input patterns differ for less than half their entries, namely

if m < N/2, then hi > 0 and sgn (hi) = sgn (ξi). The update rule then gives

back the stored pattern!

ξi = sgn (hi) .

We say that the stored pattern ξ is an attractor, namely the network of neu-

rons, given the noisy pattern S, will eventually relax to the correct pattern ξ.

Actually, if more than half of the bits are different from ξ than the network will

relax in the opposite pattern −ξi, which is called reverse state. Our network

therefore has two different attractors ξ and −ξ and its configuration space is

divided into two basins of attraction.

We would like to store more patterns, say p of them, in the same memory

database. Suppose we start with a tabula rasa set of weights Jij , which are all

equal to zero. We can add patterns by a simple generalization of (34) and, by
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starting with a tabula rasa situation with zero synaptic strengths, change the

weights according to

wij → wij +
1

N
ξµi ξ

µ
j ,

for each pattern we want to add. This is called learning problem and we will

study it in full detail later. As long as all the store patterns ξµ are orthogonal,

this rule makes sure that the patterns themselves are stable under the update

rule (32). The weight matrix at the end of the trainig phase will be given by

wij =
1

N

p∑
µ=1

ξµi ξ
µ
j . (35)

Are the stored patterns themselves stable under the update rule (32), using

the weights (35)? Pick a particular pattern ξν̄ , then the local field at the unit

i, in the configuration ξν̄ , is

hi =

N∑
j=1

wijξ
ν̄
j = ξν̄i +

1

N

p∑
µ6=ν̄

N∑
j=1

ξµi ξ
µ
j ξ

ν̄
j . (36)

The stability condition requires that sgn (hi) = sgn (ξν̄i ) for all i. This means

that the last term in (36), which we call crosstalk term, must be smaller than

one, so that it does not flip the sign of hi and (33) holds∣∣∣∣∣∣ 1

N

p∑
µ6=ν̄

N∑
j=1

ξµi ξ
µ
j ξ

ν̄
j

∣∣∣∣∣∣ < 1 . (37)

If this condition holds, all the patterns are stable. Moreover, if this term is

small, a configuration which is close to given pattern will converge to the pattern

itself under the update rule. Hence, the patterns are attractor of the network

dynamics. Note that if the patterns are actually orthogonal, i.e.
∑N
j=1 ξ

µ
i ξ

ν
i =

Nδµν , then the crosstalk is strictly zero

If we start with a configuration {Si} close (in Hamming distance) to a certain

pattern ξν̄ , but far from the other patterns ξµ6=ν̄ , then we will relax to the close

pattern. We can easily see this, assuming

d(S, ξν̄) = m << N ,
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d(S, ξµ6=ν̄) = mµ =
1− ε

2
N ,

with ε << 1, we find a local magnetic field

hi =

(
1− 2m

N

)
ξν̄i + ε

p∑
µ6=ν̄

ξµi ,

and clearly sgnhi = sgn ξν̄i , provided that p is small enough too. Our main

concern now is going to be estimating the range of values of p where the system

works as a good memory device.

3.2.2. Example

Add the example with 16 pixels and a few smiley faces to recognize.

3.2.3. Storage capacity

How many patterns can we store in our memory system? We will estimate

the storage capacity α by fixing the number of errors that we consider accept-

able, and estimating how many patterns p we can store allowing at most such

error in the retrieval of a pattern.

The stability of a pattern ξµ depends on the size of the crosstalk term (37)

Cνi =
1

N

p∑
µ6=ν̄

N∑
j=1

ξµi ξ
µ
j ξ

ν̄
j .

If it is larger than one, it can flip the sign of hνi and cause a spin flip, mak-

ing the i-th bit of the ν-th pattern unstable. Let us estimate the proba-

bility that the crosstalk term is larger than one, by assuming that the pat-

terns ξνi are random collections of ±1’s, with equal probability of having ei-

ther signs. The crosstalk term Cνi is a sum of N(p − 1) random numbers

±1/N . Its distribution is a binomial distribution with zero mean and vari-

ance σ2 = 〈ξ2〉 =
∑N(p−1)

[ 1
2 (1/N)2 + 1

2 (−1/N)2] = (p − 1)/N . In the limit of

large Np, this distribution is well approximated by a normal distribution with

the same mean and variance σ =
√
p/N

P (Cνi ) =
1√
2πσ

e(Cνi )2/2σ2

.
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If Cνi > 1 than the corresponding pattern element is unstable and it will flip. We

will consider this an error in the retrieval procedure, since the stable pattern,

which is the one we retrieve, is not the original one we stored, but one that

differs from it by one unit. Hence, the probability of having one error in a

pattern element is given by the probability of having C > 1

P (C > 1) =

∫ +∞

1

ex
2/2σ2 dx√

2πσ
=

1

2
[1− erf(1/

√
2σ2)] =

1

2
[1− erf(

√
N/2p)] ,

We define the error function as

erf(x) =
2√
π

∫ x

0

dz e−z
2

. (38)

If we accept a 1% chance of error in each bit ξνi , i.e. P (C > 1) < 0.01, the

largest number p of random patterns we can store is α = p/N = 0.185. In Fig.?

we can see different estimates of the capacity, obtained by allowing a different

percentage of error. This calculation is a gross estimate of the number of bits

that will flip, in the stability condition (33), at the first step of the update rule

(32). But nothing prevents more bits to flip at the second step of the update

rule, and so on. So the storage capacity we estimate in this way is just an

upper bound on the true capacity, and soon we will compute such quantity more

reliably.

If instead we require that each single pattern be recalled perfectly, say with 99% accuracy,

since each pattern contains N bits, we have to require [1 − P (C > 1)]N < 0.01 (every bit is

independent). In the large N limit, this reads P (C > 1) < 0.01/N . This implies p/N → 0, in

which regime we can approximate 1−erf[x] ∼ e−x2/
√
πx and one can easily find the condition

α < 1/2 logN .

Putting everything together, we see that if we allow a small percentage of error in each bit,

the capacity is finite, but if we allow only a small percentage of error in the full pattern in the

large N limit, then the capacity is proportional to 1/ logN .

3.2.4. Spurious States

If the only stable states under the update rule (32) where just the stored

patterns ξµ, we would be in great shape: no need for further analysis! However,
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it turns out that there are several more stable states which are not part of the

stored memories: we call these states spurious states.

First of all, since the update rule (32) are both invariant under the Z2 spin

flip symmetry Si → −Si, the reversed pattern −ξµ is also an attractor, with the

same exact energy as the parent pattern itself. But we do not regard this as a

spurious states. If you remember the capital of Burkina Faso as −Ouagadougou

instead of just Ouagadougou, you are going to be fine anyway.

But there are plenty of spurious states. The simplest is the combination of

three stored patterns

ξmixi = sgn (±ξµ1

i ± ξ
µ2

i ± ξ
µ3

i ) . (39)

The local field generated by the spurious state is

hi =
1

N

p∑
µ=1

N∑
j=1

ξµi ξ
µ
j ξ

mix
j = ξmixi +

1

N

p∑
µ6=µ1,µ2,µ3

N∑
j=1

ξµi ξ
µ
j ξ

mix
j .

But the last crosstalk term is small, if we assume that the patterns are from

each other in Hamming distance, so we find that sgnhi = sgn ξmixi and the

spurious states are stable under the update rule. Any combination of an odd

number of patterns, with either signs, is a spurious state. There are other kind

of very subtle spurious states we will discuss later on, called spin glass states.

there are many more spurious states than actual patterns! We need to make

sure that we get rid of all the spurious states, or clearly our memory device is

going to be useless. The way to do this is by introducing some kind of noise

into our memory device. Contrarily to what you may think, a finite amount of

noise will lift all of the spurious states, leaving only the pattern and its reverse

as the local minima of our Hamiltonian. The way we can describe noise in the

language of Ising spins is by introducing a non-zero temperature.

3.2.5. Temperature

If we have a non-zero temperature T = 1/β, our spin variable at site i

becomes a probabilistic random variable. The probability of having a value of

the spin Si = ±1 is proportional to its Boltzmann factor e−βεi . The energy at
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the i-th site εi = −Sihi depends on the local magnetic field hi =
∑N
j=1 wijSj .

We replace the deterministic update rule (32) with the probability of having

Si = ±1, given by

P(Si = ±1) =
eβhiSi

eβhiSi + e−βhiSi
=

1

1 + e∓2βhi
. (40)

Our system at non-zero temperature will be described by the Glauber dynamics.

We pick a random spin Si at each update step, and update it according to (40).

The expectation value of the spin variable is then

〈Si〉 = P(Si = +1)− P(Si = −1) = tanhβhi →β→∞ sgnhi . (41)

The interpretation of this expectation value is the following. At each instant in

time, Si has a definite value ±1, but due to the disorder effect of the tempera-

ture, it flips quickly from up to down, spending more time in the up configuration

if the local magnetic field is positive, or in the down configuration otherwise.

The average over a long period of time give (41). At T = 0, i.e. β →∞, we get

back to the deterministic update rule in (32).

What do temperature and this new stochastic formalism mean in the context

of neural networks? First of all, the “temperature” T = 1/β has nothing to do

with the real temperature in our brain (that is 37oC). It is simply a formal way

to introduce stochastic fluctuations in our neural update rule: it represents the

fact that neural signals are noisy. The larger the temperature, the more noise

in our neural network.

3.3. Heuristic Solution

In this Section, we will study the Hopfield network using a heuristic method,

based on mean field theory and....BLABLA Let us start with the expectation

value of the spin variable (41) we just derived

〈Si〉 = tanhβhi ,
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but now we are going to replace the actual fluctuating local field hi =
∑N
j=1 wijSj

with its expectation value

hi → 〈hi〉 =

N∑
j=1

wij〈Si〉 ,

so that the mean field dynamics of our system becomes simply

〈Si〉 = tanhβ

N∑
j=1

wij〈Sj〉 , wij =
1

N

p∑
µ=1

ξµi ξ
µ
j . (42)

This is still a complicated system of N coupled nonlinear equations, but at least

we got rid of all the stochastic complications! The idea is that we are focusing

on a single spin at the i-th site, and how this is influenced by the average local

field generated by all the surrounding spins, neglecting their fluctuations. We

are going to study the stable time-independent configurations of spins {Si}.

This is the equilibrium state of our system, which is guaranteed to exist, due to

the presence of an energy function, that we will introduce in Section 3.4.

The mean field procedure turns out to be actually exact in the case of long

range interactions, just as we saw in Section 2.4. This is roughly speaking

because hi, in the case of infinite range interaction, is a sum over an infinite

number of contributions, and a kind of central limit theorem comes into play.

3.3.1. p/N → 0 case

We will consider first the case of p << N , namely the number of stored

pattern remains fixed in the large N thermodynamic limit. We can recognize

immediately the mean field equation (42) as the equation for the ferromagnet

(22) at zero external field. Since we saw that Si = ξνi is a stable solution at

zero temperature, let us make a natural ferromagnetic ansatz for the solution

at non-zero temperature. This ansatz assumes that our spin configuration is

proportional to one of the stored patterns, let us say the first one

ferromagnetic ansatz : Si = mξ1
i , (43)
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where m is the analogue of the spontaneous magnetization. We find

mξ1
i = tanhβm

ξ1
i +

1

N

p∑
µ=2

N∑
j=1

ξµi ξ
µ
j ξ

1
j

 . (44)

The second term in the argument of the right hand side is the crosstalk term

and it vanishes in the large N limit, assuming that the finite number of stored

patterns are far from each other in Hamming space. Since tanh(−x) = − tanhx

we find

m = tanhβm . (45)

This equation is exactly the same as the one for the spontaneous magnetization

of a ferromagnet (22). It is easy to see that there are non-vanishing solutions

for m only below a critical temperature T < Tc = 1. The magnetization as

a function of the temperature is in Fig.?. This is the smoking gun of a phase

transition in the behavior of our system.

What is the meaning of m, the analogue of the spontaneous magnetization,

in our associative memory model? Of course, our brain is not literally a magnet,

or whenever we remember something, we would see silverware flying accross the

room from the kitchen towards our skull. Remembering the definition of the

expectation value of the spin (41), we can see that

m = 〈Si〉
ξ1i

= 1
ξ1i

P(Si = +1) + −1
ξ1i

P(Si = −1)

= P(Si = ξ1
i )︸ ︷︷ ︸

correct

−P(Si = −ξ1
i )︸ ︷︷ ︸

wrong

,

where the second line can be checked by explicit substitution. m is the prob-

ability of having the correct result minus the probability of making a mistake,

which is nothing but one minus the probability of being correct. The probabil-

ity is the same for every site, so we can sum over N sites and find the average

number of corrects bits in our configuration {Si} as

〈Ncorrect〉 = N × P(Si = ξ1
i ) =

1 +m

2
N .

Above the critical temperature, T > Tc, the spontaneous magnetization vanishes

and so our stable configuration will get just half of the bits right, which is what
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we would expect if we picked just a random pattern. In other words, there is

a critical amount of noise, in our large network, above which the system just

does not work anymore. But below a certain level of noise, for T < Tc, there

is a phase transition and we start to improve the reliability of our associative

memory very quickly.

The second issue here has to do with the spurious states we found in Sec-

tion 3.2.4. Whenever the spurious states are stable equilibrium configurations

of our network, we are in trouble, because we have a large chance of retrieving

a memory that is, in fact, spurious. Hence, we must address the question of

their stability, for which we will need some more advanced statistical mechan-

ical techniques, so we postpone this analysis to Section?. For the moment, we

just quote the result. It turns out that the spurious states, which are stable

configurations at zero temperature, have themselves a critical temperature Tn,

where n is the number of patterns we are mixing in (39), in that example n = 3.

For T > Tn, the corresponding spurious state becomes unstable and does not

bother us anymore. Luckily, Tn is a monotonically decreasing function of n and

the highest temperature T3 < Tc, so that there is a range of temperature

T3 < T < Tc ,

in which only the retrieval states (and their inverse) are the stable configurations

of the network.

We are encountering here for the first time an absolutely crucial aspect of

neural networks and, we believe, a fundamental feature of our brain. While a

large noise destroys the collective behavior of the network, the presence of a

low but significant noise level in our brain activity increases dramatically the

reliability of our cognitive mechanism. This is going to be one of the leit motifs

of our exploration.

3.3.2. Storage Capacity

Let us consider now the following question: how many patterns or memories

can we store in our device, before the retrieval mechanism starts to break down?
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In other words, what is the storage capacity α = p/N of our network, in the

case in which the number of stored patterns p scales like N?

We gave a rough estimate of the capacity in Section 3.2.3, where we saw

that, if we want to recover a pattern with 1% accuracy, the upper bound on the

number of stored patterns is below pmax < 0.185N . Here we will derive a much

sharper bound.

Let us recollect our simple derivation in (44) and see what goes wrong in

the case in which the number of stored patterns scales like N . Clearly, in the

crosstalk term

1

N

p∑
µ=2

N∑
j=1

ξµi ξ
µ
j ξ

1
j ,

the first sum over the number of patterns has order N elements, so it might

easily get to a result of order one and potentially reverse the sign in the update

rule, and we cannot just neglect it. It requires a more careful analysis.

If we look at the crosstalk term for inspiration on the road to pursue, we

can introduce two useful quantities that will simplify our life. The first one is

the overlap mν between the expectation value of our spin variable 〈Si〉 and a

particular pattern ξνi

mν =
1

N

N∑
i=1

ξνi 〈Si〉 , (46)

for all the patterns, not just the one that we are going to (hopefully) retrieve.

Suppose our configuration is in the basin of attraction of the first pattern ξ1
i .

Then m1 is of order unity, as we saw earlier. Let us estimate the order of

magnitude of the overlap with the wrong patterns ξν 6=1. mν 6=1 is the sum over

N random variables (we are assuming here again that our patterns are random

variables), each of which can take the values ±1/N with equal probability. The

computation is the same as for the crosstalk term Cνi , except that we do not

have now the sum over p patterns that we had there

〈m2
ν 6=1〉 =

N∑
i=1

[
1

2

(
1

N

)2

+
1

2

(
− 1

N

)2
]

=
1

N
.

We find a mean value 〈mν 6=1〉 = 0 and a variance 〈m2
ν 6=1〉 = 1

N . Note that the
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Hamming distance (29) between our average configuration 〈Si〉 and the “non-

retrieved” patterns ξν 6=1 is dν = N
2 (1−mν).

The second useful quantity is the total mean square overlap between our

spin configuration 〈Si〉 and all the “non-retrieved” patterns ξν 6=1
i

r =
1

α

∑
ν 6=1

m2
ν . (47)

Since m2
ν ∼ 1/N and α = p/N , we expect r to be of order unity, since it is the

sum of p terms.

What do we expect to find? There are two possible scenarios:

• Successful retrieval: the late time spin configuration {Si} aligns with the

pattern ξ1
i . In this case, according to (43)

m1 6= 0 .

• No retrieval: the late time spin configuration {Si} does not align with the

pattern ξ1
i . In this case

m1 = 0 .

The mean square overlap is non-zero because, even if each mν 6=1 ∝ 1/N → 0,

the sum in (47) involves p positive terms and in our case p scales like N .

We shall now compute the largest value of p above which no successful

retrieval can happen.

Let us perform now the computation of the maximum storage capacity α of

the system, by starting again from the mean field equation (42)

〈Si〉 = tanh

 β

N

p∑
µ=1

N∑
j=1

ξµi ξ
µ
j 〈Si〉

 = tanhβ

p∑
µ=1

ξµi mµ . (48)

We assume that the retrieved pattern is again ξ1
i . We will first compute mν 6=1

and then use it to estimate the total square overlap with the wrong patterns r.

Then we will derive m1, the overlap with the retrieved pattern.

We take the sum (1/N)
∑
i ξ
ν
i of both sides of (48)

mν =
1

N

N∑
i=1

ξνi tanhβ

(
p∑

µ=1

ξµi mµ

)
, (49)
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and, using (ξ1
i )2 = 1 and tanhx ξi = ξi tanhx we find, in the case where the

index ν 6= 1

mν 6=1 =
1

N

N∑
i=1

ξν 6=1
i ξ1

i tanhβ
(
m1︸︷︷︸
O(1)

+ ξν 6=1
i ξ1

imν 6=1︸ ︷︷ ︸
O(1/

√
N)

+

p∑
µ6=1,ν

ξµi ξ
1
imµ︸ ︷︷ ︸

O(
√
N)

)
.

We splitted the argument into three terms. The first one is the overlap with

the retrieved pattern and is of order one. The second one is the overlap with

the “non-retrieved” ν, the same as the l.h.s., and we saw that this is of order

1/
√
N , so it is small in the large N limit. The third term scales as p/

√
N which

is large, since p ∼ N . Hence we can expand the r.h.s. using tanh(x + ε) =

tanhx+ ε(1− tanh2 x) +O(ε2), where x is equal to the first and third term and

ε is the second term

mν = 1
N

∑N
i=1 ξ

ν
i ξ

1
i tanβ(m1 +

∑p
µ6=1,ν ξ

µ
i ξ

1
imµ) (50)

+ β
N

∑N
i=1mν

(
1− tanh2 β(m1 +

∑p
µ6=1,ν ξ

µ
i ξ

1
imµ)

)
+O(m2

ν) ,

Let us consider the last term in (50). We are going to make a crucial assumption

that will drastically simplify our duty. We assume that both the stored patterns

ξν 6=1 and the overlaps mν 6=1 are random variables. The overlaps mν have mean

zero and variance αr/p, where we are using the definition (47). The quantity

ξ1
i ξ
ν 6=1
i is also a random variable, so the expression Ξi =

∑p
µ6=1,ν ξ

µ
i ξ

1
imµ is in

turn a random variable with mean zero and variance αr, since we are summing

p−2 ∼ p terms, each of which has mean zero and variance
√
αr/p. Let us make

use of the celebrated

Central limit theorem: Given a distribution of random variables {Ξi}

with mean µ and variance σ, the sample average 1
N

∑N
i=1 Ξi of the random

variables approaches a Gaussian (normal) distribution with same mean and

variance, in the limit N →∞.

Because of the central limit theorem the site average 1
N

∑N
i=1 can then be recast

into an average over a Gaussian ditribution with the same mean and variance as
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the variables we were going to average over sites. In other words we will replace

1

N

N∑
i=1

f(Ξi)→
∫

dz√
2πσ

ez
2/2σ2

f(z) =

∫
dz√
2π
ez

2/2f(σz) , (51)

since our random variable Ξi =
∑p
µ6=1,ν ξ

µ
i ξ

1
imµ has zero mean and variance

σ =
√
αr. Hence the last term in (50) can be recast into

β

N

N∑
i=1

mν

1− tanh2 β(m1 +

p∑
µ6=1,ν

ξµi ξ
1
imµ)

→ βmν(1− q) ,

where we introduced for convenience the notation

q ≡
∫

dz√
2π
e−z

2/2 tanh2 β(m1 +
√
α rz) . (52)

Hence the final expression for mν 6=1 in (50) becomes

mν =
1
N

∑
i ξ
ν
i ξ

1
i tanhβ(m1 + Ξi)

1− β(1− q)
, (53)

where again Ξi =
∑p
µ6=1,ν ξ

µ
i ξ

1
imµ.

Now we want to compute the total overlap r with the “non-retrieved” pat-

terns (47). We just take the square of (53) and sum.

r = 1
α

∑
ν 6=1m

2
ν

= 1
α

1
[1−β(1−q)]2

∑
ν 6=1

[
1
N2

∑
i

∑
j ξ
ν
i ξ

1
i ξ
ν
j ξ

1
j tanhβ(m1 + Ξi) tanhβ(m1 + Ξj)

]
= 1

α
1

[1−β(1−q)]2
∑
ν 6=1

1
N2

∑
i tanh2 β(m1 + Ξi) ,

where in the last line we used the fact that only the terms i = j in the double sum survive. This

is because ξν does not appear in the argument of the tanh, so we can average the ξνi ξ
1
i ξ
ν
j ξ

1
j

factor outside of the tanh separately. Since the i’s and j’s are non-correlated random patterns,

only the i = j term survives (all the patterns square to one). Finally we can replace the last

sum 1
N

∑
i f(Ξi) with the average over the Gaussian distribution (51) and, after using (52),

end up with

r =
q

[1− β(1− q)]2
. (54)

We can easily derive the overlap m1 with the retrieved pattern from the mean

field equation (49) by using (51)

m1 =

∫
dz√
2π
e−z

2/2 tanhβ(m1 +
√
α rz) . (55)
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3.3.3. Storage Capacity at Low Temperature

Let us summarize what we have obtained so far. We computed the overlap

m1 between the spin configuration and the retrieved pattern and the total over-

lap r between the spin configuration and all the other “non-retrieved” patterns.

We can scan the values of α for which the coupled equations (54) and (55) admit

solutions. This is going to give us the storage capacity. In the limit T → 0 or

β →∞, our expressions simplify considerably.

By recalling the fact that ∂z tanh z = 1− tanh2 z and integrating by parts, we find

1− q =

∫
dz
√

2π
e−z

2/2[1− tanh2 β(m1 +
√
α rz)]

=

∫
dz
√

2π

1
√
αr
ze−z

2/2 tanhβ(m1 +
√
αrz) .

Since for a→∞

1− tanh2 a(x+ b)→
2

a
δ(x+ b) ,

we find

β(1− q) '
√

2

παr
e−m

2
1/2αr ≡ C .

Clearly, q → 1 and

r '
1

(1− C)2
, (56)

while, using tanh a(x+ b)→ sgn (x+ b) for a→∞, we find

m1 '
∫

dz
√

2π
e−z

2/2sgn (m1 +
√
αrz) ,

which gives

m1 ' erf(m1/
√

2αr) . (57)

where the error function was defined in (38). Collecting (56) and (57) we conclude

that in the limit of zero temperature our order parameters behave as

m1 ' erf(m1/
√

2αr) ,

r ' 1 + 2

√
2

πα
e
−m2

1
2αr . (58)

Let us derive a simple expression from these two coupled equations. We can

divide the first equation by the square root of the second

m1√
r

=
erf(m1/

√
2αr)

1 +
√

2
παe

−m2
1

2αr

,

and introduce the new variable y = m1/
√

2αr. We obtain the equation

y =
erf y√

2α+ 2√
π
e−y2

. (59)
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Figure 4: Graphical solution to (59). The black solid line represents its left hand side; the

dotted, dashed and dashdotted lines represent the right hand side for different values of the

capacity α. If α < αc, (59) admits two solutions, the full circle represents the stable retrieval

state while the empty circle represents an unstable solution. For α > αc the only solution is

the zero overlap state y = 0.

This is going to be interpreted as an implicit equation for y, parametrical in the

storage capacity α = p/N . We plotted in Fig. 60 the graphical solution to (59),

where we divided both sides by y. This way it is easier to find the solutions.

The plot shows the left. Depending on the value of α, equation (59) can have

either one or three solutions:

• For any value of α > 0, we have a solution at y = 0, for which m1 = 0

and r = 1, namely we do not have any retrieval of patterns, but just an

overlap between our stable configuration and all the patterns.

• Below a critical value of the storage capacity α < αc, where (numerically)

αc ' 0.138 , (60)

there are two more solutions y1 < y2. The largest of the two is a stable
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local minimum and represents a correct retrieval state with m1 6= 0.

Even if for α > αc the retrieval vanishes, m1 = 0, as we approach the critical

value of the storage capacity α = αc, there is a dramatic improvement in the

efficiency of the retrieval, which jumps discontinuously from zero to m ' 97%.

This means that we go discontinuously from a very good associative memory

below αc, to a completely useless memory as soon as we reach αc.

3.4. Absence of Spurious States

So far we have derived an estimate of the maximum storage capacity of the

Hopfield network, using mean field arguments. But we have not addressed yet

the question of the efficiency of the network in performing the task of correct

retrieval of stored memories. The stored memories are attractor points of the

spin configuration. However, if there are other stable or metastable attractors,

which are not stored patterns but just spurious states, this would jeopardize

the whole memory endeavor. Starting with our input spin configuration {Si},

we would end up in a spurious attractor instead of a stored pattern. Hence, the

analysis of the spurious states is of paramount importance and we will address

it now.

In order to properly address the stability of spurious states, we need to recast

the Hopfield network into a proper statistical mechanics system. The endpoint

(59) of our derivation of the storage capacity using mean field theory is not

going to be affected by this more formal derivation. Our goal is instead to look

for a range of parameters where the retrieval state is stable, while the spurious

states are all unstable.

This is the main insight of Hopfield’s, who introduced a Hamiltonian, or en-

ergy function, into the game. The crucial properties we require the Hamiltonian

to satisfy are

• It has minima, at least local, when a configuration is equal to one of the

stored patterns.
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• It decreases, or remains constant, as the system evolves according to its

dynamical rule (which we called update rule).

If we can come up with such a function, then we can start from an initial

configuration {Si}, let the configuration evolve according to its dynamical rule,

and finally end up in the stored pattern at equilibrium, which are true attractors

of the system, minima of the free energy. For this last step to occur, we need

to make sure that the only (local) minima are the stored patterns, namely that

there are no spurious minima.

What is our first guess for the Hamiltonian? Clearly, we can just take the

Hamming distance between our initial configuration {Si} and the stored pattern

ξµi . If we rewrite the Hamming distance (29), which was originally defined for

binary variables with values (0, 1), into a distance for our spin ±1 variables, we

find that

d(S, ξ) = −1

2

N∑
i=1

Siξ
µ
i +

N

2
.

We can remove the irrelevant constant term and take our candidate Hamiltonian

to be simply the square of such Hamming distance

H = − 1

2N

p∑
µ=1

(

N∑
i=1

Siξ
µ
i )2 +

p

2
= −1

2

∑
i,j

wijSiSj , (61)

We are guaranteed that the stored patterns ξµ are local minima. Let us check

that it is a decreasing function of our spin flip update rule. Under the update

rule

S′i = sgn

(
N∑
i=1

wijSj

)
,

suppose we have a particular spin flip S′
ī

= −Sī, we find

H(S′)−H(S) = −(S′
ī
− Sī)

∑
j 6=ī wījSj

= 2Sī
∑
j 6=ī wījSj < 0 ,

since sgn [
∑
j 6=ī wījSj ] = −1. The energy decreases at each spin flip, given the

dynamical rule (32). In order for such a Lyapunov function to exist, we must
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require that the weights are symmetric

wij = wji .

This is not a realistic feature, since neurons in the brain do not have symmetric

couplings among them. However, having a Hamiltonian simplifies dramatically

the computation, so we will stick to this requirement for the time being. Another

feature of the weights is that we set to zero the self couplings wii = 0. This

can be easily achieved by simply shifting the Hamiltonian by a constant term

proportional to p.

Since our couplings wij can be of either signs, we expect the ground states

of our system to be complicated. In fact, the Hopfield network, with random

patterns, is an example of a spin glass, a very interesting condensed matter

system that displays magnetic frustration and a lot of amusing features, among

which we mention the ultrametric structure of its spin glass states.

3.4.1. Free Energy

In order to study the stability of the spurious states, we need to compute

the free energy density of the Hopfield network. The hamiltonian is

H = − 1

2N

p∑
µ=1

(

N∑
i=1

Siξ
µ
i )2 +

p

2
−

p∑
µ=1

hµ
N∑
i=1

ξµi Si , (62)

where hµ is an external field that will be useful in interpreting the overlap func-

tions. The constant shift p/2 removes the self couplings in the weight matrix,

setting effectively wii = 0. We are going to compute the free energy per unit

spin

− 1

βN
〈〈lnZξ〉〉 ,

where the notation 〈〈. . .〉〉means that we are averaging it over the distribution of

stored patterns ξµi , that we take to be random variables. The partition function

Zξ = Tr {Si}e
−βH[Si] ,

is computed with the hamiltonian (62), at fixed patterns ξ. Let us evaluate

Zξ = e−βp/2Tr {Si}

p∏
µ=1

exp

(
β

2N
(

N∑
i=1

Siξ
µ
i )2 + βhµ

N∑
i=1

ξµnSi

)
. (63)
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We will use the same tricks that led us to the free energy of the long range Ising

model in Section 2.4. First, it is hard to take the trace since the spin variables

appear quadratically in the exponential. Let us use the Gaussian integration

trick (18) to linearize this term, at the price of introducing a new set of p

auxiliary variables mµ

Zξ = e−βp/2
∫
d~m

√
βN

2π
Tr {Si} exp

[
−βN

2
~m2 + β(~m+ ~h)

N∑
i=1

~ξiSi

]
,

where we introduced the shorthand notation ~m = (m1, . . . ,mp) to denote a

vector with p components. We can easily perform the trace over spins since

they appear just linearly

Tr {Si} exp

[
β(~m+ ~h)

N∑
i=1

~ξiSi

]
=

N∏
i=1

2 coshβ(~m+ ~h)~ξi .

Bringing this factor to the exponential we get

Zξ =
(
βN
2π

)p/2 ∫
d~me−βNf(mµ) ,

f(mµ) = α
2 + 1

2 ~m
2 − 1

βN

∑N
i=1 ln coshβ(~m+ ~h) · ~ξi , (64)

At this point, note that the integrand in the partition function is an exponential

whose argument has an overall factor of N . Since we are only interested in the

large N limit, we can therefore evaluate this integral by the saddle point method,

just as we did in the case of (19). The free energy per unit spin f in the large

N limit is given by

− 1

βN
〈〈lnZξ〉〉 = 〈〈min

mµ
f(mµ)〉〉 . (65)

In other words, we need to evaluate the function f(mµ) at its minimum. Its

stationary points are the solutions to the saddle point equation

∂f(mµ)

∂ ~m
= 0 ,

which reads

~m =
1

N

N∑
i=1

~ξi tanhβ(~m+ ~h) · ~ξi , (66)
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which coincides with the mean field equation (49) we derived heuristically, in

the case of zero external field ~h = 0. In the case of long range interactions,

mean field theory is often an exact statement. The external field ~h is useful to

derive the meaning of our auxiliary variables ~m. By taking the derivative of the

free energy f with respect to ~h we find, by using the definition of the partition

function (63)

− 1

βN

∂ lnZξ

∂~h

∣∣∣∣
~h=0

= − 1

N

N∑
i=1

〈Si〉~ξi .

On the other hand, by computing the same variation of the final expression of

free energy

− 1

βN

∂ lnZξ

∂~h

∣∣∣∣
~h=0

= − 1

N

N∑
i=1

~ξi tanhβ ~m · ~ξi = −~m ,

where we used the saddle point value (66). Hence, we see that the p auxiliary

variables ~m describe precisely the overlap between the spin configuration and

the p stored patterns. They are the same quantities we introduced in (46). From

now on we will set to zero the external field ~h = 0, since it served its purpose.

Let us consider the saddle point equation (66) for the overlap functions. At

finite N , the expression in (66) depends on the particular realization of the

stored patterns ξµi . However, in the large N limit the random fluctuations

are suppressed and, thanks to the sum (1/N)
∑
i, the physical quantities self-

average. If the number p of stored patterns is much smaller than the number

of terms in the sum, namely in the regime N >> 2p, we can then replace

everywhere the sum over the patterns with their expectation value with respect

to a distribution with same mean and variance, as we did above in (51). Once we

do this, we are automatically taking care of the “averaging over the patterns”,

denoted by 〈〈. . .〉〉 in (65).

Summarizing, the solution to the Hopfield network is given by the mean field

equation for the overlap and the free energy density

~m = 〈〈~ξ tanhβ ~m · ~ξ〉〉 , (67)

f = 1
2 ~m

2 − 1
β 〈〈ln 2 coshβ ~m · ~ξ〉〉 , (68)
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where

〈〈g(~ξ)〉〉 =

∫
d~ξP(~ξ)g(~ξ) . (69)

At fixed N , the distribution of the stored random patterns is

P({ξµi }) =
∏p
µ=1

∏N
i=1 p(ξµi ) , (70)

p(ξµi ) = 1
2δ(ξ

µ
i − 1) + 1

2δ(ξ
µ
i + 1) .

In the large N limit, the probability distribution becomes

P(ξ) = e−
~ξ2/2/

√
2π . (71)

as in (51).

3.4.2. Solutions

There are many solutions of the saddle point equation (67). Above T >

Tc = 1, the only stable state is the disordered state with ~m = 0. Below the

critical temperature T < Tc, a plethora of new solutions appear as we lower the

temperature. These new solutions have their own critical temperatures, below

which they become stable solutions. Here we are in the regime α = p/N → 0 of

finite number of stored patterns. However, the stability of the various solutions

depends crucially on both the value of α and the temperature. In fact, the

Hopfield network phase diagram can be nicely drawn as a function of α(T ), as

we will see at the end of the Chapter. The solutions at finite p are:

• The “retrieval” state in which our configuration overlaps only with the

retrieved pattern, say ξ1

~m = (m, 0, . . . , 0) .

The saddle point equation (67) reads in this case

m = 〈〈ξ1 tanhβmξ1〉〉 .

Since the series expansion of the tanh only contains odd powers of its

argument, we can easily perform the average over the pattern ξ1. By
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applying (69) with the distribution in (71) we find

m = tanhβm ,

which we already discussed in (45). The retrieval state appears as we

lower the temperature below the critical one T < Tc = 1. The equilibrium

spin configuration is aligned with the retrieved pattern

〈Si〉 = ξ1
i tanhβm .

• The spurious states in which our configuration overlaps with more than

one stored pattern; we will denote them as “symmetric states”. We denote

by mn the overlap state with n different patterns

~m = mn(1, . . . , 1︸ ︷︷ ︸
n

, 0, . . . , 0︸ ︷︷ ︸
p−n

) . (72)

For instance, in (39) above we used the n = 3 symmetric state. These

states have a 2n
(
n
p

)
degeneracy, where the 2n factor is due to the sign flip

±m and the binomial coefficient takes care of the different ways to stick

n entries in p bins. The saddle point equation (67) for this state reads

mµ = 〈〈ξµ tanhβmn

n∑
ν=1

ξν〉〉 , forµ ≤ n ,

mµ = 0 , forµ > n ,

Let us introduce the following quantity

zn =

n∑
ν=1

ξν .

It is a sum over n random variables ξν , each of which comes from the

distribution (70). Hence, z has a binomial distribution

p(zn) = 2−n
(
n

k

)
, k = (zn + n)/2 , (73)

where k is the number of positive entries in the sum that defines z. The

saddle point equation reads

mn =
1

n
〈〈zn tanhβmnzn〉〉 , (74)
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where the average is taken over the distribution of z. These “symmetric

state” solutions exist in the whole range of temperature 0 < T < Tc = 1.

These configurations overlap equally with n different patterns and give a

wrong retrieval

〈Si〉 = tanhβmnzn .

• The “asymmetric states” which are given by

~m = (m, . . . ,m︸ ︷︷ ︸
2k

, ε, . . . , ε︸ ︷︷ ︸
l

, 0, . . . , 0︸ ︷︷ ︸
p−2k−l

) , (75)

that we will briefly describe later. There are also solutions with more

than two different kind of entries. The transition temperature for the

appearance of asymmetric solutions, in which some of the n components

have different magnitudes, are all lower than Tc. We quote from [4]: “The

appearance of these additional solutions becomes apparent by following

the change in stability of the symmetric saddle points (74) as the tem-

perature is reduced. When a particular saddle point changes stability in

a certain direction, it does not usually exchange stability with another

existing symmetric saddle point, which lies in that direction. Instead, a

new, asymmetric saddle point between the two existing saddle points ap-

pears. The highest temperature in which a change in stability occurs is

when the n = 2 symmetric solution becomes unstable to the mixing of

more memories. The eigenvalue that controls this stability is λ2.” This is

how these spurious states appear.

• In the regime in which α = p/N 6= 0, there is a new phase at low temper-

ature, which is called spin glass. The spin glass states are a proliferating

number of degenerate minima, that become infinite in the limit of large

N . They come from the “symmetric states” in (72) in the limit in which

n and p become very large. These states are characterized by a very low

overlap with all the stored patterns. They are ordered states, but clearly

spurious ones.
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Now that we listed the solutions to the mean field equations, we can proceed to

study their stability properties. We want to see if there is a range of parame-

ters in which the good retrieval states are the only stable configurations of the

Hopfield network.

3.4.3. Stability

A solution is stable if it is a minimum of the effective potential. This means

that the matrix of the second derivatives of the effective potential must be

positive definite. Hence, to address this question we need to find the eigenvalues

of the second derivative of the effective potential, with respect to our order

parameters, the overlaps. The effective potential is the free energy density,

namely the saddle point value of the function (68), with the argument fixed to

be a solution to (67). Let us introduce the stability matrix

Aµν =
∂2f(m)

∂mµ∂mν

∣∣∣∣
~m=mn(1, .., 1︸ ︷︷ ︸

n

,0,..,0)

,

and evaluate it on the symmetric solutions mn in (72). In the case n = 1 we

recover the retrieval state, while for n > 1 we have spurious states

Aµν = δµν − β
N

∑N
i=1 ξ

µ
i ξ

ν
i (1− tanh2 β ~m · ~ξi)

= δµν − β〈〈ξµξν(1− tanh2 β ~m · ~ξ)〉〉

= δµν − β〈〈ξµξν(1− tanh2 βmn

∑n
ρ=1 ξ

ρ)〉〉

= δµν − β〈〈ξµξν(1− tanh2 βmnzn)〉〉 ,

where zn =
∑n
ρ=1 ξ

ρ. Let us consider separately the diagonal and the off-

diagonal terms in the stability matrix. Since (ξµ)2 = 1, we find that the diagonal

elements µ = ν, for µ = 1, . . . , p are (remember we are not summing over the µ

index)

Aµµ = 1− β(1− q) ,

where we introduced the quantity

q = 〈〈tanh2 βmzn〉〉 . (76)
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We used the fact that 〈〈ξµξν〉〉 = δµν . The off-diagonal terms for µ, ν ≤ n are

all equal and given by

Aµν = β〈〈ξ1ξ2 tanh2 βmnzn〉〉z ≡ βQ , (77)

where in last equality defines the quantity Q. The off-diagonal elements for

µ, ν > n all vanish, because when taking the average over patterns we will

always have a single power of a pattern ξµ>n appearing alone and its average

vanishes. Summarizing, the stability matrix has the form

Aµν =



n︷ ︸︸ ︷
1− β(1− q) βQ βQ ·

βQ 1− β(1− q) βQ ·

βQ βQ ·

· · ·

0

0

1− β(1− q) 0 ·

0 1− β(1− q) 0

· 0 ·︸ ︷︷ ︸
p−n


We can easily derive the eigenvalues of this matrix

• A non-degenerate eigenvalue, corresponding to the longitudinal fluctuation

in the amplitude of mn

λ1 = 1− β[1− q − (n− 1)Q] .

• An eigenvalue with degeneracy p−n, corresponding to the fluctuations in

the direction that mix with more memories, namely the p − n memories

that were not part of the solution mn

λ2 = 1− β(1− q) .

• An eigenvalue with degeneracy n − 1, corresponding to fluctuations pro-

ducing anisotropies among the relative weights of the n memories equally

mixed in mn

λ3 = 1− β[1− q +Q] . (78)
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One can prove that Q > 0 for all T < Tc, hence the smaller eigenvalue is λ3. To

study the stability of the solution, we need to study the sign of λ3. In the range

of parameters where λ3 is negative, the corresponding solution is unstable. If

λ3 is positive, the corresponding solution is stable. Since for n = 1 there is no

eigenvalue λ3, we conclude that the retrieval state is always a local minimum,

hence it is always (meta)stable below the critical temperature. Let us find out

what happens to the spurious states!

Let us estimate λ3 both around the critical temperature T ' Tc = 1 and at very low

temperature T ' 0. We need to estimate the two quantities q and Q defined in (76) and (77).

Let us start in the vicinity of the critical temperature. The overlap function (74) vanishes

at the critical temperature, so we can take it to be small and expand in powers of m, using

tanhx ' x− x3/3 and finding

mn =
1

n
βmn

(
〈〈z2n〉〉 −

1

3
β2m2

n〈〈z4n〉〉
)
. (79)

We need to evaluate the average over zn =
∑n
µ=1 ξ

µ, which has a probability distribution

(73). This is the same distribution as a random walk on a one-dimensional lattice

〈〈z2n〉〉 = n , 〈〈z4n〉〉 = n(3n− 2) ,

and plugging this back into (79) and solving for m we obtain

m2
n '

Tc − T
β2

3

3n− 2
,

confirming that m is small just below the critical temperature, and

q = 〈〈tanh2 βmnzn〉〉 ' (βmn)2〈〈z2n〉〉 = n(βmn)2 =
3n(Tc − T )

3n− 2
.

Estimating Q = Qµν = 〈〈ξµξν tanh2 βmnzn〉〉, with µ 6= ν, can be done in the following way.

We first note that, since Qµν only has n(n− 1) off-diagonal components, and all of them are

equal, we have

Q =
1

n(n− 1)

 n∑
µ,ν=1

〈〈ξµξν tanh2 βmnzn〉〉 − n〈〈tanh2 βmnzn〉〉

 ,

where the last term, which equals q defined in (76), removes the diagonal contribution in the

sum. We recognize in the first term the appearance of the square of zn
n∑

µ,ν=1

〈〈ξµξν tanh2 βmnzn〉〉] = 〈〈z2n tanh2 βmnzn〉〉] ' 〈〈z4n〉〉(βmn)2 ,

where in the last step we used the fact that mn is small in this regime. We finally obtain

Q '
2

n
q .

Using these estimates, we find the behavior of the eigenvalues of the stability

matrix close to the critical temperature

λ1 ' 2(Tc − T ) > 0 ,
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λ2 '
2(Tc − T )

3n− 2
> 0 ,

λ3 ' −
4(Tc − T )

3n− 2
< 0 .

Hence, just below the critical temperature, the λ3 < 0 and the spurious solutions

mn with n > 1 are all unstable! Only the retrieval state n = 1 is stable. This

is very good news for our associative memory device.

Let us now repeat the eigenvalue estimate at low temperature. In the low

temperature limit β →∞ we find

mn =
1

n
〈〈z tanhβmnzn〉〉 →

1

n
〈〈zsgnmnzn〉〉 =

1

n
〈〈|zn|〉〉 .

??Why last step, is m > 0??

In the case of odd n, the smallest value of |zn| is of course one, which gives q → 1 and

Q→ 0. The eigenvalues behave as

λ1, λ2, λ3 ∼ 1 .

Near T ∼ 0, the eigenvalues are all positive and the spurious solutions are

stable. Since they are stable at low temperature and unstable near the critical

temperature, we conclude that there is a temperature range with upper bound

given by Tc in which the only (locally) stable states are the 2p retrieval ones

and their inverses.

Let us estimate the lower bound of this stability window. We want to es-

timate the temperature at which the last eigenvalue λ3 flips sign. The odd

solution mn is stable in the range T < Tn, where 0 < Tn < Tc = 1. The

condition λ3 = 0 from (78) reads 1 − β(1 − q + Q) = 0, where β = 1/Tn. We

find

Tn = 1− 〈〈(1− ξ1ξ2) tanh2 mn(Tn)zn
Tn

〉〉 ,

where mn(Tn) is the solution to (74). One can study numerically the solution of

this equation and find that it is a decreasing function of n. We are interested in

the critical temperature of the first spurious state to become stable as we lower

the temperature: this is the n = 3 one

T3 ' 0.461 ,

Our stability analysis leads us to a very important conclusion:
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In the regime of finite storage capacity p, there is a range of temperatures

0.461 < T < 1 in which the only locally stable equilibrium solutions of the

Hopfield network are the retrieval states.

This means that it is absolutely crucial that our memory neural network is noisy.

If the noise is too large, the memory does not work at all. If the noise is too

small, there are many spurious solutions that jeopardize the memory retrieval.

But when the noise is inside a reasonable window, our associative memory works

just fine! Hence, we have found that the Hopfield network can definitely do the

job of the associative memory.

There are a few subtle points that need be mentioned

• The spurious “symmetric states” (74) are solutions for any T < Tc. But

while the ones for odd n become stable below a certain temperature Tn,

the ones for even n are always unstable.

• The spurious “asymmetric states” (75) solutions appear only below a cer-

tain critical temperature Tasym, but they are almost always unstable. Nu-

merical simulations show that the highest temperature at which one of the

asymmetric states become stable is Tasym ∼ 0.452 < T3, so as long as we

are in the useful range T3 < T < 1 we are still perfectly safe.

• But maybe we do not want to get rid completely of the spurious states.

After all, humans sometimes come up with some creative new idea. Or

sometimes, when you are trying to remember something after you were

given some hint, you end up remembering something else. At the end of

day, memories are not an exact replica of the experience that led to store

the pattern, but they are wild revisitations of the original event. So maybe

having some spurious states is not so bad after all...

• The number of spurious states grows exponentially with the number of

stored patterns. When we retrieve a spurious memory in the Hopfield

network, however, there is no tag attached to it that warns us we are

making a mistake. This funny feature might be a mathematical model

72



that embodies the way of saying “The more we learn, the more we deceive

ourselves...”

3.5. Phase Diagram

Let us summarize the full phase diagram of the Hopfield network, in the

plane α − T , depending on both the load parameter α and the temperature T .

We have several salient features, that we can extract from Fig?

• Zero temperature: The limit of low temperature β →∞, that we studied

in Section 3.3.3, corresponds to the horizontal axis in Fig?. For large

load α > αc, there is no retrieval solution at all: the network does not

have any memory. Our analytical estimate of the capacity (60) gives

αc ' 0.138.4 As we decrease α below the critical value, two solutions

with m 6= 0 appear, the larger one is the stable solution, corresponding

to a retrieval state, which deviates only slightly from the stored pattern.

Close to α ∼ αc, m = 0.967 implying a 1.5% error in the retrieval of the

stored pattern. The network is thus able to slightly lower its free energy

by relaxing a small fraction of spins towards the direction of the other

patterns (with a non-zero total overlap r with them, see (47). As we

decrease α, the accuracy becomes perfect very quickly.

• Spin glass phase: It is easy to see that the low temperature equations (58)

admit a locally stable solution with

m = 0 , r = (1 +
√

2/πα)2 .

It can be shown that this solution, called the spin glass state, is the limit of

the spurious symmetric state solutions (72), which mix n patterns, when

n, p → ∞. This is an ordered state, in which the magnetization is zero

4This is the same as the one we would obtain by using the so-called replica trick, using a

replica symmetric ansatz. It turns out that this estimate is slightly off the numerical simulation

using Monte Carlo methods, which gives the value αc ' 0.145 and is in agreement with the

exact replica symmetry breaking solution.
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but its square is nonzero. At low temperatures, the spin glass state is

the ground state in the range 0.051 < α < 0.138. As we approach the

vertical axis α → 0, the spin glass state freezes into the symmetric state

solutions. We studied their stability in Section 3.4.3 and concluded that,

for 0.461 < T < 1, the only stable states are the retrieval ones, and all the

spurious states are unstable.

• For general α and T , there is a line Tret(α) below which the retrieval

states appear and are locally stable, but the global minima are the spin

glass states. There is another line Tc(α) < Tret(α), below which retrieval

states become the global minima.

Guide to the literature

First, the original papers. The Hopfield network was introduced by John J.

Hopfield in [5]. Its exact solution in the case of a finite number of stored patterns

appeared in [4]. The case in which the number of stored patterns scales like N

was solved in [6], by using the replica method in the theory of spin glasses. The

authors computed the capacity of such model and found the famous result α ∼

0.138. A useful review article by the same authors is [7]). The original papers

are very pedagogical and I recommend their reading. Some funny comments are

quoted from [8].

There are several books on the solution on the Hopfield-like models for as-

sociative memory. The reprints of the original papers can be found in the great

book [9]. This book contains many other applications of the theory of spin

glasses, of which the Hopfield network is one of the most celebrated examples.

The heuristic derivation of the solution of the Hopfield network can be found

in [10, 11]. In particular, [11] is a great pedagogical introduction to the theory

of neural networks, and includes also a formal derivation of the exact solution

of the Hopfield model, using the replica method. The neural network book by

Amit [12] contains a thorough analysis of every little aspect of the Hopfield

network and various generalization, it is like a expanded version of his papers.
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A review of the theory of spin glasses from a more modern perspective, with

applications to some current string theory problems, is [? ].
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Interlude:
Probability and Inference

76



4. Probability theory and Statistical Inference

So far we have discussed a model of associative memory that, given clues,

retrieves memories. There was no detailed discussion of how long the retrieval

procedure takes, if it is realistic in any sense, if it can be mapped to some actual

biological system like a part of the brain or something. We have been mostly

discussing statistical mechanics at equilibrium. This gave us a first vague idea

of what we might be looking for, in a theoretical physicist’s world in which, for

simplicity, neurons are just spins. In our journey towards Neuroscience, we will

slowly add more and more realistic features to our model neuron, until we end

up with a biologically satisfactory unit.

Before we do that, we need to have a quick refreshment on some basic notions

of probability theory that are central in any Neuroscience discussion.

The approach to statistics that we will adopt is the bayesian one. This

approach is typically concerned not with the probability that some event will

occur but rather with the confidence that the data we measured is described by

a particular model.

Bayesian inference is going to be essential to address the two different facets

of Computational Neuroscience.

• Neural encoding: This is the process by which our brain turns a stimulus

(flashlights, music, a tiger trying to eat us) into an internal representation

of the network of neurons. In other words, how the brain translates the

external world into a pattern of neural spikes. The way we study this is,

for example, by having some animals in our lab respond to some accurately

prepared stimulus we present to them. By putting some electrodes in their

cortex, we can record the neural activity corresponding to the particular

controlled stimulus they receive. Once we understand how the stimulus is

turned into a pattern of spikes, we can predict how neurons will behave

when the animal is presented with a different stimulus. Well, hopefully.

• Neural decoding: This is the inverse problem, and a very hard one.

Given some recording of neural activity, we want to infer what our brain

77



means by that: namely, try to guess what stimulus caused that particular

pattern of spikes. Something like reading your mind.

Neural encoding: external stimulus → internal representation it generates

Neural decoding: internal representation → external stimulus that caused it

We are in a pretty singular position here: we are using statistical inference

to understand a machine whose functions include... doing statistical inference.

In the case of the people that read these notes, there’s one more layer of fun

since the inference their brain is doing is related to understanding how to use

inference to understand how they use inference...

It is clearly a vicious cycle, but we have to break the loop and start some-

where. We might as well just start studying what statistical inference is.
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4.1. Probabilities

Let us start with a few definitions and facts about probabilities. We will not

give any proofs, but will be concerned mostly with explaining the general ideas

with a few examples. We are concerned with the study of a random variable

X, which might be a coin we toss, a lab test result, a raster of spikes from a

multi-electrode recording of the brain.

Ensemble. The random variable X defines a triple (x,AX , PX) where

• x is the outcome of a measurement of the random variable X: the value

a random variable takes

• AX = (a1, . . . aI) is the set of possible values that the outcome x can take

• PX = (p1, . . . , pI) is the probability that an measurement outcome takes

a particular value: P (x = ai) = pi, where
∑
i pi = 1.

For instance, if the random variable X is a regular dye, then its set of possible

values is AX = (1, 2, 3, 4, 5, 6) and the respective probabilities (if you are not

cheating) is PX = (1/6, 1/6, 1/6, 1/6, 1/6, 1/6).

Joint ensemble. We can have a joint ensemble XY of two random variables

X and Y . Each outcome is an ordered pair (x, y) where the first entry comes

from AX = (a1, . . . , aI) and the second entry comes from AY = (b1, . . . , bJ).

The joint probability of having outcomes X = x and Y = y is denoted by

P (x, y).

Independent variables. The two random variables X and Y are indepen-

dent if and only if their joint ensemble

P (x, y) = P (x)P (y) .

Marginal probability. Suppose we have a joint ensemble of two random

variables X and Y , whose joint probability is P (x, y). We can extract from this

the marginal probability P (x) of the variable X by “integrating out” the variable

Y

P (x = ai) =
∑
bj

P (x = ai, y = bj) .
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4.2. Conditional probabilities

Conditional Probability. Given a joint ensemble of the random variables

X and Y , we can define the conditional probability of x = ai, given y = bj as

P (x = ai|y = bj) =
P (x = ai, y = bj)

P (y = bj)
,

valid if P (y = bj) 6= 0.

This last definition leads us to the crucial product rule of probability theory,

analogous to the chain rule in calculus. It tells us how to relate the joint

probability to the different conditional probabilities

P (x, y) = P (x|y)P (y) = P (y|x)P (x) .

It is easy to relate the marginal probability to the conditional one:

Sum rule.

P (x) =
∑
y P (x, y)

=
∑
y P (x|y)P (y) .

Now, using these definitions and the product rule, we can introduce the most

important piece of information regarding probability theory, that we will use

over and over again in any possible form.

Bayes’ theorem.

P (y|x) = P (x|y)P (y)
P (x)

= P (x|y)P (y)∑
y′ P (x|y′)P (y′) .

A word of caution regarding probability theory. Conditional probabilities

can be counterintuitive. Our brain is very good at estimating the trajectory of

a truck coming towards us at a traffic light, but is not wired up to estimate

conditional probabilities on the spot. So we must pay close attention to what

we are doing, as in the following illuminating example.

Kitty-telepathy
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You and your physician buddy Frederik, visiting from Belgium, are having a

lovely dinner at his favorite restaurant Prego. After several drinks, the conver-

sation drifts towards the incidence of some rare diseases that may give people

paranormal powers. Frederik apparently discovered a new human gene k001

that is correlated to kitty-telepathy. The results of his recent experiments con-

firm that all of the people that carries the gene have these innate superpowers

to talk to their kitties. Frederik tells you that in their epidemiological studies,

they found that only 1% of the population carry the gene.

You always suspected to have a special connection to your favorite kitty

Loosey, but so far you thought it was just normal empathy. Frederik tells you

that you may find out if you have mental superpowers, by testing for gene k001.

After drinking up the last few trappist beers on your table, you and Frederik

decide it is a great time for doing science and take a cab back to your lab on

175th Street in Manhattan and submit yourself to the test. It turns out that

Frederik always brings with him in his backpack the testing equipment for gene

k001. That’s weird, you think, but then again you’ve known your friend since

grad school and he has a reputation for being a real freak.

It’s very hard to focus while intoxicated, so it takes a while to actually

perform the test. In the end, you indeed test positive for the gene k001! You

and Frederik finally leave the lab and you go back to your home, and when you

see Loosey you look at her with your newly established third eye and start to

communicate with her using telepathy. She doesn’t look impressed though.

The next day, late in the afternoon and still hungover, you ask yourself:

What is the actual probability that, scoring positive in the test, you are indeed

a kitty-whisperer?

Before sitting down and calculate, you realize that, while this kind of genetic

screening is nearly 100% reliable, the night before the two of you were pretty

hammered and that might have affected the lab results. So you look up on the

National Institute of Health guidelines, and find that the official reliability of

a genetic test while intoxicated is 90%. This means that 90% of the time that

you have a gene and you test for it while intoxicated, it yields a positive result,
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while 90% of the time that you do not have a gene and you test for it while

intoxicated, you find negative results.

Solution

First rule of statistical inference: write down all of the probabilities involved

in the problem. This is the easiest way to figure out the answer. Let us introduce

the following random variables:

t = 1 Positive test result,

t = 0 Negative test result,

and also

g = 1 You have the gene,

g = 0 You do not have the gene.

The NIH guidelines of test reliability while intoxicated give you the conditional

probability of t given g

P (t = 1|g = 1) = 0.9 , P (t = 1|g = 0) = 0.1 ,

P (t = 0|g = 1) = 0.1 , P (t = 0|g = 0) = 0.9 ,

The presence of the gene among the population gives you the marginal proba-

bility of g

P (g = 1) = 0.01 , P (g = 0) = 0.99 .

You want to compute the probability of actually having the gene, given the

positive test result P (g = 1|t = 1). We can use Bayes’ theorem and compute

P (g = 1|t = 1) =
P (t = 1|g = 1)P (g = 1)

P (t = 1)
.

The marginal probability of having a positive test result can be obtained by

summing up

P (t = 1) = P (t = 1|g = 1)P (g = 1) + P (t = 1|g = 0)P (g = 0) .
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Hence we find

P (g = 1|t = 1) = P (t=1|g=1)P (g=1)
P (t=1|g=1)P (g=1)+P (t=1|g=0)P (g=0)

= 0.9×0.01
0.9×0.01+0.1×0.99

= 8.3% . (80)

This 8.3% expresses our confidence that we have the gene, given the lab test

result.

I bet your first guess for the probability went like: “Well if the reliability of

the test while intoxicated was 90% and I scored positive, my chances of actually

having the gene is 90%.” But that was clearly wrong, and you must apply Bayes’

theorem to get the correct result. Even if your test was positive, you have only

small chances of actually having the gene. Note that this probability is very

sensitive to the reliability of the test, which enters in the marginal probability of

testing positive P (t = 1), in the denominator. If you improved only slightly the

test reliability from 90% to 95%, for example, you would double the probability

of having the gene given a positive test. This crucial insight might help cope

with your last STD test...

4.3. Forward, posterior, likelihood

There are many different meanings we can associate to a particular proba-

bility.

Suppose we come up with a model of what happens when we toss a coin

in the air. I want to know what is the probability of having heads or tails,

using my model that says that all results are equiprobable. Then I predict

P (x = heads) = 1/2 = P (x = tails) is a forward probability.

Forward probability. Given a generative model that describes a process,

the probability distribution of the random variable (data) generated by that

model is called a forward probability (like when you do a computer simulation).

Imagine that you have two different random variables: a dye and six urns

filled with colored balls. Each urn contains ten balls in total and urn x contains

x green and 10−x red balls. You first throw a dye and get a number x = 1, . . . , 6
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that determines which urn x you pick. Then, given an urn, you pick a random

ball and write down its color. At the end of the experiment, you realize that you

forgot to write down the sequence generated by the dye! So you want to infer

the probability of the dye outcomes, given the distribution of balls of different

colors P (dye|balls). This is an example of inverse probabilities.

Inverse probabilities. Given a set of measurements, a model that gener-

ates the data, and another unobserved variable in our model, we call an inverse

probability the conditional probability of the unobserved variable, given the

observed data.

Inverse probabilities invariably need the application of Bayes’ theorem:

P (dye|balls) =
P (balls|dye)P (dye)

P (balls)
.

Let us introduce some useful terminology for inverse probabilities. In this exam-

ple of the dye, the probability of the outcome of the tossing of the dye P (dye)

is called the prior. The probability of observing a certain distribution of balls,

given the distribution of dye outcomes P (balls|dye) is called the likelihood of

the balls. The probability we are after, inferring the distribution of dye out-

comes from the ball distribution P (dye|balls) is called the posterior probability,

and it is what we will be after most of the time. The marginal probability of

observing the data P (balls) is called the evidence.

Let us rephrase this in general terms. We are assuming some model of the

world, that contains certain parameters that we collectively denote as θ. The

model is based on some other assumptions H. We make an experiment and

we observe some data D, that we think was generated by our model. We want

to infer the posterior probability of the parameters θ of our model, given the

observed data. This tells us with what confidence we can believe that the data

we measured has been generated by a certain value of the parameters in our

model, rather than a different value. Using Bayes’ theorem we find

P (θ|D,H) =
P (D|θ,H)P (θ|H)

P (D|H)
. (81)

84



The various quantities in the previous equation are called:

Posterior =
Likelihood× Prior

Evidence
.

The evidence does not depend on the model parameters θ, so it is usually not

necessary if we are just estimating the most likely value of the parameters given

the data. In this case, we just extremise the posterior probability over the

parameters. But it is the crucial quantity that enters model selections, when

we compare different models that may generate the observed data and we want

to find which model is favored by the data.

The crucial point in the discussion is the interpretation of posterior proba-

bilities. The parameters θ in the model are not random variables. What does

their probability distribution mean then? The posterior probability P (θ|D,H)

gives the degree of belief in the parameters of our model, given the observed data

D. In particular, by extremizing the posterior with respect to the parameters θ,

we can derive the most likely value of the parameters, given the observed data.

4.4. Inference

We are all theorists here. Everybody has its favorite model of how stuff

happens, and we would like to use probability theory to tell good models from

bad models. That is, we are going to infer how likely our favorite model is to

describe what we see. When you have data from an experiment and you want to

test if your favorite model has anything to do with the results of the experiment,

remember the following mantra:

Posterior probabilities measure the degree of belief in your assumptions

(your favorite theory), given a set of empirical data.

Our hidden assumption here is that we cannot of course make any statistical

inference without making prior assumptions, since it is precisely those assump-

tions that we are going to test and quantify how much we can rely on them. A

corollary to this method is that

Our inference task only depends on the set of data we observe and on the

prior distribution we assumed for the parameters of our favorite model.
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Armed with this wisdom, let us see how to test our model of a dentist shop.

We will first describe the set of data we measure. Then we will try to invent a

model for a probability distribution that we believe describes our data, and we

will discuss the parameters in this model. We want to infer what are the value

of the parameters in our model which are most likely, given the observed data.

To do that, we will have to make an assumption on the prior distribution of the

parameters in our model.

At the dentist waiting room

You go to the dentist very often, because you really like when he picks up

the drill and starts to open holes in your teeth. The dentist is open all day

long and the waiting room is always crowded. They are all freaks like you.

You want to measure the average waiting time for a patient in line: the inter-

patients interval xi = ti+1 − ti between two consecutive patients being called

by the secretary. It can take up to an arbitrarily short time, because sometimes

patients misremember their appointment and are sent away in a few seconds.

However, every one hour you must leave the waiting room to drink a coffee,

or you would just fall asleep and jeopardize the whole endeavor. Your data is

therefore covering the interval x ∈ [0, 60] minutes. Your data points consist of

a set of time intervals AX = {x1, . . . , xn}.

What is the theoretical model for the distribution of inter-patients intervals

you are measuring? Let us derive it from first principles. The times ti at which

each the next patient is called into the dentist room are our starting point. The

probability of a patient being called between time t and t+ ∆t is uniform and

proportional to the time interval itself

P (patient called in [t, t+ ∆t]) = r∆t ,

where r is a constant rate. The probability that no patients are called in the

same interval is

P (no patient called in [t, t+ ∆t]) = 1− r∆t ,
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The probability of a patient being called in [t1, t1 + ∆t] and another patient

being called in [t2, t2 + ∆t] does not depend on t1, t2 but only on the length of

the interval. The two events are independent, hence the joint probability is the

product of the two separate probabilities

P (patient called in [t1, t1 + ∆t]AND patient called in [t2, t2 + ∆t]) = (r∆t)2 .

Let us denote by N(T ) the random variable describing the total number of

patients that are called into the dentist room during a time window of T minutes.

What is the probability that n patients are called in the dentist room during a

long interval T? Let us split the total interval T in M small temporal bins of

length ∆t such that T = M∆t. Such probability is given by the probability of

n bins being full, times the probability of M − n bins being empty, times the

number of ways we can ditribute the n patients among the M bins

P (N(T ) = n) = (r∆t)n(1− r∆t)M−n M !

n!(M − n)!
.

Taking the limit M → ∞ and ∆t → 0, while keeping fixed the time window

T = M∆t

P (N(T ) = n) = (rT )n

Mn

(
1− rT

M

)M−n M !
n!(M−n)!

= (rT )n

Mn

(
1− rT

M

)M
︸ ︷︷ ︸
→e−rT

(
1− rT

M

)−n
︸ ︷︷ ︸

→1

1
n!

M !

(M − n)!︸ ︷︷ ︸
∼Mn

and we find the Poisson distribution:

P (N(T ) = n) =
(rT )n

n!
e−rT . (82)

It is easy to check that the probability is normalized to one:
∑∞
n=0 P (N(T ) =

n) = 1.

We are almost there. We want the probability that our random variable X

which describes the time interval between patients takes the value T : P (X = T ).

Now, the probability that the next patient is called after T minutes is

P (X > T ) = P (N(T ) = 0) = e−rT .
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On the other hand, the probability that the next patient is called before T

minutes is

P (X < T ) = 1− P (X > T ) = 1− e−rT . (83)

On the other hand, we can define the probability of observing an inter-patient

interval X smaller than T as

P (X < T ) =

∫ T

0

P (X = x)dx . (84)

The fundamental theorem of calculus tells us that

f(T ) =
d

dT

∫ T

f(x)dx . (85)

Putting together (85) with (84) and (83), we find that

P (X = T ) =
d

dT

∫ T

0

P (X = x)dx =
d

dT
(1− e−rT ) ,

and finally obtain the probability that the next patient gets in at time X = T

P (X = T ) = re−rT .

Using the sheer power of logic, we came up with a model for the probability

distribution of the time intervals X between a patient and the next patient.

The probability that the time interval is equal to T is

P (X = T ) = re−rT . (86)

Note that the model depends on a single parameter r, which is the frequency

at which patients are called in.

Now let us go back to our original inference problem. We are at the dentist

and we measure the intervals xi between two consecutive patients getting called

in, so our data is a set of time intervales {x1, . . . , xN}, all of which are inside

the window xi ∈ [0, 60]. We want to estimate, given the data, what the most

likely value of the parameter r is.

You know that the mean of the exponential distribution5 is 1/r. Your first

guess at the parameter is to compare the mean x̄ =
∑N
i=1 xi/N of the data set

5The mean of the exponential distribution is 〈X〉 =
∫∞
0 xP (X = x)dx =

∫∞
0 xre−rxdx =

1/r.
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with 1/r. But in this way, we would get a really misleading estimate, in the case

in which the true value of the true value of the parameter r−1 is larger than

the time interval [0, 60] in which we are measuring our data. We could try to

fit our curve to the data, but still that will not help in the case of a very small

frequency r−1 >> 60.

The clue is that our estimate of the parameters must rely exclusively on the

set of data that we are given: we have to restrict our probability distribution to

the interval x ∈ [0, 60]. Namely, we start with a probability distribution

P (X = x|r) =

 re−rx/Z(r) , 0 < x < 60

0 , otherwise
(87)

By imposing that the total probability sum up to one, we fix the normalization

constant

Z(r) =

∫ 60

0

re−rxdx = 1− e−60r . (88)

Now we can use Bayes’ theorem to derive the probability distribution of our

parameter r, given the observed data {x1, . . . , xn}

P (r|{x1, . . . , xn}) =
P ({x1, . . . , xn}|r)P (r)

P ({x1, . . . , xn}
, (89)

where P ({x1, . . . , xn}|r) is the likelihood that our data set is generated by the

model, P (r) is the prior distribution of the possible values of the frequency.

Since we are after the value of the parameter r that maximizes the probability

(89), we do not need to evaluate the marginal probability of the data in the

denominator.

We can easily estimate the likelihood using our model (87) and its normal-

ization constant (88), since the single events (patients getting into the room)

are independent and so their joint probability factorizes

P ({x1, . . . , xn}|r) =

N∏
i=1

P (xi|r) =
e−r(x1+...+xN )

Z(r)N
. (90)

At this point, we must make an explicit assumption on the prior probabil-

ity distribution of the frequencies P (r). A reasonable assumption is that the
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Figure 5: Fixing different values of our model parameter r, this is the likelihood of measuring

a certain inter-patient interval x. It is the usual exponential distribution.

probability distribution of having a frequency takes any value inside a certain

interval [rmin, rmax] is constant: P (r) = const, independent of r. It is reason-

able to restrict r inside a finite interval due to human life constraints. With this

assumption, the prior probability is independent of the parameter and hence it

does not enter in the maximization of the posterior probability (89). As you are

probably suspecting, the assumption on the prior probability distribution of our

parameters is a crucial step in the inference problem. If your prior depended

on the parameter itself, say P (r) ∼ (r− 1)2, the maximization procedure would

yield a completely different result (maybe you assume that the patients are more

likely to get scared and run like there’s no tomorrow as soon as their name is

called, and they are likely to have a long surgery procedure). Bayes’ theorem

is very good in forcing you to make all of your assumptions explicit: it is much

easier to question them once they are exposed (and not hidden under the carpet

of baroque models).
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Figure 6: Given three different data points x, this is the probability distribution of the r. The

most likely value of the parameter r is the one that maximizes the distribution. If x is small,

there is a clear maximum. But if x is close to the upper end of the interval range 60, our

model becomes inconclusive, namely there is no maximum of this function.

Hence, we find that maximizing the posterior distribution (89) is equivalent

to maximizing the likelihood of the data (90). Let us make several comments

on this inference procedure.

• If we consider the probability distribution (87) as the likelihood of generat-

ing the data x given a fixed values of the parameter r, we see in Fig. 5 that

it is just an exponential function of x and it does not have any extremum

inside the interval [0, 60].

• On the other hand if we regard the same quantity as a function of the

parameter r, given a fixed set of data {x}, the story changes completely

and an extremum emerges! The particular features of the data set in

Fig. 6 change completely the posterior probability as a function of the

parameters. If we only have one data point, the posterior probability only
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has a maximum if the data point is very small. As soon as the interval gets

closer to the limit of sixty minutes, it looses significance and the posterior

probability flattens out, losing its maximum.

• As we add more data points, the posterior probability becomes very peaked

around a particular value of the parameter, so the inference procedure is

very efficient.

A new mantra we have to adhere to when inferring posterior probabilities is

the “likelihood principle”.

We have our favorite model H, that generates the likelihood of data d,

depending on some parameters θ. Suppose we observe a particular set of

data d1. Then all our inferences and predictions should depend only on the

observed data P (d1|θ) and not on any other sort of imagined data d.

4.5. Information and entropy

We want to introduce now some quantities that will be useful when con-

sidering learning algorithms. We are going to interpret the learning procedure

as maximizing the information content retained by our brain: but we need to

define properly what we mean by information.

Given a random variable X (which comes with its outcome x, its possible

values A = (a1, . . . , aI) and its probability distribution P = (p1 . . . , pI), we can

define the

Shannon information content of the data point x

h(x) = log2

1

P (x)
.

The most unlikely the data point, the highest its information content. The en-

tropyH(X) of an ensembleX is given by the expectation value of its information

content

H(X) = 〈h(x)〉 =
∑
x

P (x) log2

1

P (x)
=

I∑
i=1

pi log2

1

pi
.

The entropy encodes the amount of information in a probability distribution.

Some properties
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• Entropy is always positive

H(X) ≥ 0 .

• Entropy of a joint ensemble XY is always larger or equal than the sum of

the entropy of the separate ensembles X and Y

H(X,Y ) ≥ H(X) +H(Y ) ,

and the equality holds if and only if the two ensembles X and Y are

independent

Given two probability distributions P (x) andQ(x) define over the same set of

events, we can define the relative entropy or Kullback-Leibler divergence

between them

DKL(P ||Q) =
∑
x

P (x) ln
P (x)

Q(x)
. (91)

It satisfies the Gibbs inequality

DKL(P ||Q) ≥ 0 .

Guide to the literature

My favorite book on information theory is the one by MacKay [13]. It is freely

available online at the author’s webpage. This chapter is a lightning summary

of some of the topics in that book.
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Learning
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5. Supervised learning

There are many ways to characterize the perceptron, its update rule, its

learning algorithm. The way we will present it is going to be just an example

among the various possibilities one can find in the enormous literature. We will

consider the perceptron as a very rough approximation to an actual neuron, the

same way physicists regard a sphere as a first order approximation of a horse.

The specific learning rule we will adopt allows us to interpret the perceptron

as a machine that performs statistical inference, in the very precise sense we

defined in Chapter 4, according to the principles of information theory.

5.1. Perceptron

The auto-associative memory system we discussed so far is based a very

simplistic - in fact, a bit too simplistic - model neuron. Each neuron there is a

Ising spin with two states and the stable “retrieval states” are described by the

rule

ξi = sgn

∑
j

wijξj

 .

It is called a “recurrent network,” since all of the units are connected to each

other horizontally. The two main features (or drawbacks) of this rule are same

input and output stable patterns ξ and symmetric weights wij = wji. This last

property in particular allowed us to write down a Lyapunov function, namely

a hamiltonian that decreases along the update rule, so that the retrieval states

are (local) minima of such function. In this Section, we will relax both features:

same input and target ξ ⇒ different input ξ and target ζ

symmetric weights wij = wji ⇒ asymmetric weights wij 6= wji

We will loose the convenience of having a Lyapunov function, or hamiltonian,

but we will build much more powerful devices.

Our goal is to start generalizing this model neuron to something that looks a

bit more realistic, step by step, until we reach in the final Chapter the state-of-

the-art model neuron used in the current literature. The first step is to separate
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Figure 7: The sigmoid function in equation (92), a.k.a. the logistic function.

the input patterns ξi from the wanted output patterns ζi, that we will call

targets.

We will consider an architecture called feedforward network. Let us start

from the simplest example of a feedforward network: the single-layer percep-

tron. Consider the system in Fig.?? that has the following architecture. We

have a set of inputs ξi, for i = 1, . . . , N , that may be either external stimuli, or

outputs coming from other networks. All these inputs feed into a single compu-

tational unit, our model neuron, through a set of weights wi. Note that now the

weights are asymmetric since the information flow is unidirectional: there is

no backward connection from the neuron to the inputs! The activation function

of the neuron (the post synaptic potential) is our old friend

h =

N∑
j=1

wjξj .

The neuron processes the information and computes its output O as usual

O = f(h) ,

where the activity f(h) of the neuron may take different forms, depending on

the problem at hand. The most common activities found in the literature are

deterministic (first three) or stochastic (last one)
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Figure 8: The function sgn (x).

1. Linear:

f(h) = h ,

2. Sigmoid:

f(h) =
1

1 + e−h
, (92)

3. Threshold:

f(h) = sgn (h) ,

4. Stochastic:

f(h) =

 1 with probability 1
1+e−h

−1 otherwise.

For the time being we will stick to the “zero noise” deterministic activity rules

and see which operations can be performed by our perceptron. We will consider

the stochastic rule later in the context of Boltzmann machines. Note that we

have set the “temperature” β = 1/2 to simplify notations. This is different from

our notations for the Hopfield network where we kept the temperature explicit

at every step.

5.1.1. Examples: AND, OR & XOR

To get familiar with the device, we will first solve two simple examples.

Consider a single-layer perceptron with two inputs and one output unit. We are
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given a fixed set of two inputs {ξ1, ξ2} and one target ζ, that we collect in the

truth table. Our task is to find a set of weights {w1, w2, w0} such that

ζµ = sgn (
∑
i=1,2

wiξi − w0) , µ = 1, . . . , p , (93)

where we introduced the threshold w0.6 In our simple examples we are going

to take just binary inputs ξ = {0, 1} and four possible targets p = 4.

The truth tables for the AND, OR and XOR functions are the following

AND function

INPUT TARGET

ξ1 ξ2 ζ

0 0 -1

0 1 -1

1 0 -1

1 1 +1

OR function

INPUT TARGET

ξ1 ξ2 ζ

0 0 -1

0 1 +1

1 0 +1

1 1 +1

XOR function

INPUT TARGET

ξ1 ξ2 ζ

0 0 -1

0 1 +1

1 0 +1

1 1 -1

Let us consider the AND function in the first table. The output is positive

only if both inputs are activated. If we solve (93) for wi, given the patterns in

the truth table, we find the following conditions

−w0 < 0

w2 − w0 < 0

w1 − w0 < 0

w1 + w2 − w0 > 0

⇒


w0 > 0

w1 + w2 > 0

w1,2 < w0

We can immediately find a possible solution:

w1 = w2 = 1 , w0 = 1.5 . (94)

Note that if we rescale the weights by an overall constant, we still obtain a valid

solution, since the only thing that matters is the sign of the activation, not its

actual value. Now let us make a picture of the AND function in the ξ-plane. It

6Sometimes the presence of the threshold w0 is made implicit by introducing an extra input

with a fixed value ξ0 = −1.
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Figure 9: AND function. The inputs are linearly separable and the perceptron can perform

the task. Ghosts and Pacmans belong respectively to the −1 and +1 class as in the truth

table. The dashed line represents Eq.(95).

is easy to see that the white dots are separated from the black dot by the line

defined by the equation ∑
i=1,2

wiξi + w0 = 0 , (95)

or in other words 2ξ2 = −2ξ1 + 3.

Let us solve for the OR function now, in the second truth table. The output

is positive if at least one of the inputs is activated. If we solve (93) for wi, given

the patterns in the truth table, we find the following conditions

−w0 < 0

w2 − w0 > 0

w1 − w0 > 0

w1 + w2 − w0 > 0

⇒

 w0 > 0

w1,2 > w0

We can immediately find a possible solution:

w1 = w2 = 1 , w0 = 0.5 . (96)
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Figure 10: OR function. The inputs are linearly separable and the perceptron can perform

the task. Ghosts and Pacmans belong respectively to the −1 and +1 class as in the truth

table. The dashed line represents the equation 3ξ2 = −3ξ1 + 2.

Now let us make a picture of the OR function in the ξ-plane. The separating

line this time is defined by the equation (95) which now reads 3ξ2 = −3ξ1 + 2.

Consider now the XOR function in the third truth table. The output is

positive if only one of the two inputs is activated, but not both. If we try to

solve (93) for wi, given the patterns in the truth table, we find the following

conditions 

−w0 < 0

w2 − w0 > 0

w1 − w0 > 0

w1 + w2 − w0 < 0

⇒


w0 > 0

w1,2 > w0

w1 + w2 < w0

??

which, low and behold, does not admit solutions! We have found the interesting

result that the perceptron cannot implement the XOR function. Let us draw

the picture of the XOR function in the ξ-plane and understand why our new

toy is broken.

What is the difference between the AND and OR functions as opposed to

the XOR? It’s easier to just look at the pictures. In the case of AND and OR,
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Figure 11: XOR function. The inputs are not linearly separable and the perceptron cannot

perform the task. Ghosts and Pacmans belong respectively to the −1 and +1 class as in the

truth table.

we can draw a line that separates all the black dots from all the white dots.

However, it is obviously impossible to draw such a line in the case of the XOR

function. This is the final judgement on the single-layer perceptron. It is a

classifier that can classify all your input patterns according to their category

YES/NO, but only in the case in which the inputs are linearly separable,

like in the AND and OR functions. Linearly separable obviously means that

you can separate the various patterns with a line. If the inputs are not linearly

separable, like in the XOR function, then the perceptron fails. We will first

find out how we can teach the perceptron to solve the tasks that it is able to

solve, and then generalize it to a more powerful device that can solve the XOR

function, too.

5.2. Learning

In the case of the Hopfield network, we defined the weights at the very be-

ginning as being proportional to the product between the input and the output.

In that case, input and output coincided so that the weights are just wij ∝ ξiξj .

However, our brain does not come equipped with synaptic weights from the very

101



birth. Well, some circuits are burnt down genetically, but others are not. The

crucial property of the brain is that it can learn stuff. From the neurobiological

point of view, the learning process is believed to happen in the form of synaptic

plasticity. Synapses form, disappear, strengthen and weaken dynamically, as

the network of neurons performs some tasks.

When should a synapse change? Let us do a little experiment. Every night

you are watching your favorite show, CSI Stony Brook. In every episode, the

villain shoots somebody with a pistol. The first time you see the villain pointing

the gun at the victim, you wander what would happen next. Easy answer: you

discover that when the villain shoots and hits, the victim falls to the floor. This

bizarre phenomenon “villain shoots → victim falls down” repeats every time

you watch the show. You come to associate the act of shooting as causing the

act of falling to the floor. So now, whenever you see somebody shooting or hear

a gun shot, you imagine immediately a body falling down. You have learned

that shooting causes a fall. To put it in the words of Donald Hebb (1949)

“When an axon of cell A is near enough to excite a cell B and repeatedly

or persistently takes part in firing it, some growth process or metabolic change

takes place in one or both cells such that A’s efficiency, as one of the cells firing

B, is increased.”

In other words, there must be a synaptic connection from the axon A to the

post-synaptic neuron B, that is activated only when both neurons fire together.

This is the celebrated Hebb rule of learning that can be summarized in the

following mantra

Two neurons that fire together are wired together.

Whenever we see the event coded by neuron A occurring together with the

one coded by neuron B, the synaptic connection between the two neurons must

somehow strengthen. You usually think about this phenomenon as learning the

correlation between the events A and B. Denote by ξ the input coming into our

unit B from the pre-synaptic neuron A and by O the output of the post-synaptic
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neuron B. We can formulate the change of the synaptic weights in terms of the

Hebb rule

∆wBA = wnewBA − woldBA = ηOBξA , (97)

where η is called the learning rate. Whenever neurons A and B fire simulta-

neously, the strength of the synaptic connection from A to B increases. The

biological mechanism through which the neurons implement this rule is be-

lieved to be due to the presence of Calcium channels on the membrane of the

synapse. In this Section, we will first discuss the neurobiological plausibility

of this hypothesis. Then we will implement the Hebb rule in the perceptron

example. Then, we will consider the meaning of the Hebb rule in the context

of information theory.

5.2.1. Neurobiology of the Hebb rule

Do the actual synapses in the brain obey the rule that if they fire together,

they wire together? We will convey a simplified picture of a plausible mechanism

for synaptic plasticity and address this question in the following order

• Anatomy of the hippocampus, where studies of synaptic plasticity and

memory have led to most success.

• The biochemical mechanism present at the synapse, that induces the plas-

ticity.

• Biological implementation of quantitative aspects of the Hebb rule.

There are two different kinds of memory, that are believed to be radically

different, as far as their biological origin is concerned: short-term and long-term

memories.

Short-term memory lasts from a few seconds to a few minutes. If I tell

you quickly a phone number that does not bear any particular significance for

you, it is probably going to resound in our head for a blimp and then you

will immediately forget it, and will not be able to recall it later. It is believed

that this kind of memory is due to the sustained activity of a neural circuit.
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A certain number of neurons is experiencing a persistent oscillatory activity

related to an attractor point of the network dynamics, that lasts for a while

(remembering) and then gets dumped to zero (forgetting). This kind of memory

is likely not related to adjustments in the synaptic weights and is a sort of

“software” property of the neural circuits.

On the other hand, long-term memory, for instance when we recall mem-

ory of past experiences or events, is believed to be a hardwired property of the

brain, which is encoded in the strength of the synapses. When we memorize

a new experience, we are changing the synaptic weights. In a sense, the neu-

roscientist’s version of the saying “we are our memories” is rather “we are our

synapses.” Most of what we know about synaptic plasticity and its relation to

memory comes from the study of the hippocampus. This is a bananiform part

of the brain, which lies deep inside our skull in the medio-temporal region. We

have two copies of the hippocampus, one in the left and one in the right brain

emisphere. The hippocampus is not part of the neo-cortex, but it is a very old

structure that can be found already in reptiles and it is called archi-cortex, so

it is an ancient part of the brain from an evolutionary perspective.

The input to the hippocampus comes from the entorhinal cortex, a part of the

neo-cortex related to navigation and spatial informations. The entorhinal cortex

axons connect onto the granule cells in the dentate gyrus (called “mossy fibers”),

which in turn synapse on the dendrites of the CA3 hippocampal pyramidal cells.

The CA3 cells have a forest of recurrent connections among themselves, and

project to the CA1 pyramidal cells, which in turn send the signal back to the

entorhinal cortex. Schematically, the connections are as in Fig.??. The role of

the hippocampus is to enforce the explicit memory of events, places or sensory

inputs in general, as opposed to the procedural memory related to concepts or

tasks. This has been discovered on patients whose hippocampus got removed

to cure debilitating forms of epilepsy: they lost the ability to remember new

events, even if they could still remember abstract concepts or acquired skills.

The study of synaptic plasticity in the hippocampus has been carried out

by taking slices of the brain and stimulating and recording from single pairs of
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pre-synaptic CA3 and post-synaptic CA1 cells. In this way, one can analyze the

dependence of the synaptic weights on the pre- and post-synaptic potentials.

A stimulating electrode is placed in the pre-synaptic CA3 cell and a very weak

current is injected in the axon to produce a single spike, a bit as if you are

pointing a taser to the soma of the neuron. A recording electrode is placed

in the post-synaptic dendrite of the CA1 cell, to measure the strength of the

excitatory post-synaptic potential generated by the arrival of the signal.

Biochemical mechanism for plasticity

The way the electro-chemical signal is transmitted at the interface between

two neurons is through the exchange of glutamate neurotransmitter through

the synapse. At the arrival of the action potential to the pre-synaptic terminal,

the bouton releases glutamate, that diffuses in the intra-synaptic space and gets

captured by receptors on the spine of the post-synaptic dendrite. There are two

types of receptors on the post-synaptic terminal: AMPA and NMDA. Both are

activated by the glutamate. The AMPA receptor is the one mostly responsible

for the generation of the post-synaptic spike. After getting activated by the

glutamated binding, its ion channel opens up and lets in an influx of Na+ ions

that depolarize the post-synaptic membrane potential. When the excitatory

post-synaptic potential (EPSP) reaches a threshold (that varies from neuron

to neuron), the neuron emits an action potential, that we usually refer to as

a “spike.” The NMDA receptors, on the other hand, do not contribute much

to the action potential: they are involved in the implementation of synaptic

plasticity.

We are interested here in the fact that the NMDA receptor has a voltage

dependent gate. The NMDA, even when activated by the glutamate, is still

blocked by the presence of a Mg2+ ion. When the depolarization of the mem-

brane potential reaches a certain level, the NMDA throws out the Mg2+ and its

ion channel opens up to an influx of Calcium ions from the extracellular fluid

into the post-synaptic spine. The unblocking of the active NMDA receptor only

happens if the post-synaptic potential reaches a threshold, related to the firing

of an action potential by the post-synaptic neuron. The NMDA receptors are
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“coincidence detectors,” namely they permit Calcium influx only when they are

simultaneously activated by glutamate (arriving spike) and the post-synaptic

neuron is emitting a spike. The AMPA receptors are not permeable to Ca2+,

only the NMDA receptors are. It is the presence of Ca2+ which in turn triggers

the change in the synaptic strength.

Let us consider first the Long Term Potentiation (LTP) of the synapse.

The Hebb rule states that the concurrent firing of the pre- and post-synaptic

neurons strengthens the synapse. After the arrival of the pre-synaptic signal

and the depolarization leading to the EPSP, the NMDA receptors only unblock

when the “backpropagation” signal from the EPSP travels back through the

post-synaptic dendrites and hits the spine, where the NMDA are located. This

mechanism makes sure that an EPSP is needed in order to open the NMDA

receptors, allowing the Ca2+ influx.

Once the Ca2+ invade the post-synaptic spine, two things happen. First,

such ions activate new AMPA receptors that join their brothers already stuck

to the membrane of the spine. The more AMPA receptors, the more sensitive

the post-synaptic dendrite is to the glutamate shot and the more efficient the

signal transmission becomes. Secondly, the presence of Calcium stimulates the

growth of the spine itself, through the expression of particular proteins inside

the dendrite, thereby potentiating the synapse once again. A confirmation of

this picture comes from the fact that many synapses are silent: they only contain

NMDA receptors, responsible for plasticity, but no AMPA receptors, the ones

that convey the electrical signal. It has been observed that upon arrival of the

spike and the subsequent burst of EPSP, the NMDA receptors open up and allow

Ca2+ to enter the spine, which in turn bring some AMPA receptors, previously

absent, to the surface of the spine, therefore making the synapse talk.

The other facet of synaptic plasticity as summarized in the Hebb rule is the

weakening of the synapse, when either one of the pre- and post-synaptic spikes

occur, but not both combined. This leads to Long Term Depression (LTD). It

is clear that we need LTD for the correct functioning of the brain, otherwise we

would just potentiate the strength of the synapse until they all saturate - then
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our brain explodes! This has been observed again in the CA3-CA1 synapse. If

one induces a low frequency stimulation in the pre-synaptic terminal at around

1 Hz, but with no EPSP generated, the synaptic weight decreases. One of

the various mechanisms for LTD is based on NMDA receptors. The arrival of

a large number of pre-synaptic spikes, while the post-synaptic neuron remain

silent, keeps low but sustained levels of Ca++ in the spine, which causes AMPA

receptors to be progressively depotentiated and finally removed.

Quantitative results

The Hebb rule (97) is quantitative in its predictions. In particular, we can

ask the following questions

1. If we induce LTP not just once but repeatedly on the same synapse, does

the increase in synaptic strength add up linearly? Is the change in wBA

independent of wBA itself?

2. Since pre- and post-synaptic activity together induce LTP (or either ab-

sence induces LTD), how does that depend on the exact timing of the two

spikes?

It is clear that the change in the synaptic weight must be democratic, inde-

pendent of the value of the weight itself. If it depended on the strength itself,

it would clearly advantage strong connections unfairly, leading to a situation

in which very few connections become very strong exponentially, while the re-

maining ones are just silent. It is the same as the well-being of a capitalist

society: innovation is brought by the start-up companies, but we must put in

place anti-trust laws that forbid the consolidation of monopolistic cartels, which

would just kill the start-ups using their control of the market (given that the

total amount of resources on the planet is fixed). The answer to question one is

that the rule (97) is not totally realistic: the LTP does not add up linearly. Af-

ter strengthening a synapse through correlated pre- and post-synaptic activity,

the synapse becomes refractory to further changes for at least one hour. The

synaptic change occurs in a stochastic “all or none” fashion. Either it strength-

ens of a certain fixed amount, described by η in (97), or it does not. And it is

107



Figure 12: Spike time-dependent synaptic plasticity, from [14]: “Critical window for the induc-

tion of synaptic potentiation and depression. The percentage change in the EPSC amplitude

at 20-30 min after the repetitive correlated spiking (60 pulses at 1 Hz) was plotted against

the spike timing. Spike timing was defined by the time interval (∆t) between the onset of

the EPSP and the peak of the postsynaptic action potential during each cycle of repetitive

stimulation, as illustrated by the traces above.”

more likely to occur depending on the strength of the pairing. The fact that the

synaptic changes are “digital” rather than “analogue” goes in the direction of a

stable and more efficient learning procedure. Since the spine itself and number

of NMDA receptors on its surface are quite small, it would be extremely un-

precise to add a number of AMPA receptors that vary with the strength of the

synapse. This digital updating is the most efficient way to make it work.

The answer to the second question is revealed in a breakthrough experiment

that led to the discovery of spike timing-dependent synaptic plasticity (STDP),

reported in Fig. 12. In this experiment, we look at a pair of pre- and post-

synaptic cells and study the synaptic change by varying the coincidence timing

of the pre- and post-synaptic spikes. The results show that

• The maximum LTP is achieved if the post-synaptic spike follows the arrival

of the pre-synaptic one by 10 ms. This is clearly what is needed if we
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want to interpret the EPSP as being caused by the pre-synaptic signal.

The delay is due to the finite membrane back-propagation time.

• If the post-synaptic spike precedes the pre-synaptic arrival by at least 10

ms, LTD occurs instead. This is clearly in line with causality again, since

if this happens over and over again, it is better to turn the synapse off.

• If the pre- and post-synaptic spikes are exactly simultaneous, nothing

happens.

• If the pre- and post-synaptic spikes occur at a distance of more than 100

ms, then again no change takes place. The spontaneous activity of the

brain typically has a frequency around 10 Hz, which means that the chance

of having pre- and post-synaptic spikes every 100 ms or more, caused by

random activity, is very high. In this case, we expect that nothing should

occur.

5.2.2. Gradient descent learning

We have found that, in the case of the linearly separable data in the AND and

OR tasks in Section 5.1.1, there is a solution for the weights wi that classifies the

inputs correctly. The question we want to address now is the following. Suppose

we start with zero weights. Is there an algorithm that allows the network to

learn the classification task? Namely, can we give a procedure to change the

weights incrementally to a point where they correctly classify the data? This

procedure is our operational definition of “learning.”

We will look at a learning algorithm in which we know the correct target ζ

that the output O of a neuron must reproduce. This way of learning is called

“supervised” or “learning with a teacher,” since we are given the correct value

of the output. If we start with initial synaptic weights set to zero, we want

to find an algorithm that minimizes the difference between the wanted target

ζ and the actual output O. Consider the model of the perceptron (92) with

inputs ξi, for i = 1, . . . , N and activity rule

f(h) =
1

1 + e−h
,
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where h =
∑N
i=1 wiξi and we changed the output from {±1} to the interval

{0, 1}. The activity rule describes the probability that the input ξi belongs to

class +1 rather than 0. Our learning task consists of a training set D made

of p input-target pairs {ξµi , ζµ}
p
µ=1 that we want to learn. Our first learning

algorithm, called the delta rule, consists of the following steps

1. Compute the activation in response to a given input ξµi

hµ =

N∑
j=1

wjξ
µ
j .

2. Evaluate the output of the unit

Oµ =
1

1 + e−h
. (98)

3. The teacher gives you the target ζµ which is the correct value that the

output should get, given such input. The error signal is

δµ = ζµ −Oµ .

Adjust the weights wi so as to reduce the error

∆wi = ηδµξi , (99)

where η is called the learning rate. This learning rule is called the delta

rule.

4. Repeat the procedure for the whole training set D. Possibly use the whole

training set multiple times.

We called this algorithm the “on-line” gradient descent because at each step

in the training we pause and update the weights. Alternatively, one can use a

“batch” algorithm in which we only update the weights at the end of each full

training cycle

∆wi =

p∑
µ=1

ηδµξµi , (100)

where δµ = ζµ −Oµ.
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Does the perceptron learning rule (99) converge, so that the network learns

how to reproduce the wanted targets? It can be shown that the perceptron can

learn the classification task in a finite number of steps, but only in the case in

which the input patterns are separable, of course, otherwise there is no solution

to the classification task in the first place.

Our supervised learning procedure minimizes the following error function

G(w) = −
p∑

µ=1

[ζµ lnO(ξµ, w) + (1− ζµ) ln(1−O(ξµ, w)] . (101)

We can identify each term as the relative entropy (91) of the distribution of the

targets (ζµ, 1 − ζµ) with respect to the actual outputs of the neuron (Oµ, 1 −

Oµ).7 The error function is always positive and zero only when the outputs

coincides with the targets (at which point we learned the lesson). If we use

the sigmoid function (92) as activation rule and differentiate the error function

(101) with respect to the synaptic weights we find8

∂G

∂wi
= −

p∑
µ=1

(ζµ −Oµ)ξi . (102)

The quantity ζµ − Oµ appearing in the gradient is the error on the training

session µ: the difference between output and target. We found the batch version

(100) of the learning rule.

One can take other expressions for the cost function, depending on the fea-

tures of the algorithm one wants to implement. Another very common error

function is simply

G(w) =
1

2

p∑
µ=1

[ζµ −O(ξµ, w)]2 ,

7In the expression (91), consider the distribution of the empirical data P (x) = (ζ, 1 − ζ)

and the distribution of outputs of our neuron Q(x) = (O, 1−O). One finds that DKL(P ||Q) =

G(w) + ζ ln ζ+ (1− ζ) ln(1− ζ). This is equal to (101) up to the last two constant terms, that

do not depend on the weights. Since we are only interested in minimizing these functions, the

result is the same.
8When using the sigmoid function as activation there is a crucial simplification. Denoting

O(h) = 1/(1 + e−h), we find ∂hO = O(1−O). This term cancels the analogous term in the

denominator of (102), leading to this simple result.
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which gives the update rule (99) with a different error

δµ = f ′(hµ)(ζµ −Oµ) .

Note the presence of the derivative of the activity function, which drops out of

the expression when using the error function (101).

The gradient descent procedure suffers from a serious problem. Who is going

to tell us when it is time to stop? Namely, we can repeat the training cycles

as many times as we want and the weights are going to become very large in

absolute value. This is clearly a problem of overfitting. A first guess would

be to stop early with the training session, to avoid the parameters to grow too

large. But this sounds a bit of a subjective procedure. A better way to solve

this problem is to add a “mass term” to the error function (101), whose effect

is to discourage large values of the weights

M(w) = G(w) + αE(w) , (103)

where the new term is a regulator that we can choose for instance as

E(w) =
1

2

∑
i

w2
i . (104)

The quantity α is called the weight decay rate. The new on-line learning rule

obtained from a descent of the error function is

∆wi = ηδµξµi − αwi . (105)

A comment on the capacity of the perceptron, defined as the ratio of the

number of patterns or memories we want to store, divided by the number of

input neurons. In Chapter 3, we found that the Hopfield network has a capacity

αc ' 0.14, in (60). One can show that the perceptron capacity equals two,

namely we can store twice as many patterns as the number of input neurons.

5.2.3. Learning as inference

What does our brain do, when it learns something? It is inferring some facts

about the world around us. We would like to rephrase the learning procedure we
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just introduced as an inference task. This will enlighten the connection between

network of neurons and our earlier detour on probability theory.

Consider our single-perceptron architecture with activity rule (98). We plug

in some inputs ξi, the neuron looks at them and spits out a number O. This is

a number between zero and one. It is natural to interpret it as the probability

that the input ξi belongs to the class ζ = 1, given the particular set of weights

wi:

P (ζ = 1|w, ξi) = O ,

P (ζ = 0|w, ξi) = 1−O . (106)

We can recast these two equations into a single one

P (ζ|w, ξi) = Oζ(1−O)1−ζ .

The right hand side is nothing else than minus the exponential of the error

function (101), so we conclude that

P (ζ|w, ξ) = e−G(w) . (107)

If we define our data to be the targets ζ, and the inputs ξi to be some fixed

given quantity (our hypothesis H), then the parameters we want to estimate

with our inference task are the weights wi. The expression in (107) is then the

likelihood of the data ζ, given the parameter w. The relative entropy G(w) is

then interpreted as the log likelihood. Confident in our starting point, let us try

to interpret the whole supervised learning algorithm as an inference problem,

according to formula (81).

We would like to find the probability distribution of the weights wi, given our

classification task with data ζ and fixed inputs. We have to make an assumption

on the prior distribution of the weights. Let us assume that the weights have a

Gaussian prior ditribution

P (w) = e−
α
2

∑
i w

2
i /Z(α) = e−αE(w)/Zα ,

113



where the normalization constant is Zα = (2π/α)N/2 and E(w) was introduced

in (104). The prior of the weights is just a Gaussian with zero mean and variance

σ2
w = 1/α. But this is just the weight decay term in the cost function!

All the pieces are in place now to use Bayes’ theorem. The total cost function

(103) that governs the learning process gives the inference of the parameters w,

given the data

P (w|ζ) = P (ζ|w)P (w)
P (D)

= e−M(w)/ZM , (108)

where the normalization constant ZM = ZαP (D) does not depend on the

weights. The learning algorithm in (105), which is found by minimizing the

cost function M(w) using gradient descent, computes the most probable value

of the weights wi. Note that the cost function in (108) describes log probabil-

ities. That’s very convenient given the fact that, while costs and errors sum,

probabilities multiply.

5.2.4. Prediction ability

While the gradient descent learning algorithm gives us just a particular value

of the weights - the most probable one - the posterior (108) gives us a much

more informative quantity: the probability distribution that a certain value of

the weights is compatible with the data. This encodes our degree of belief that

a certain set of weights correctly classifies our data. This is the quantity we

need when we want to make predictions!

What do we mean exactly by prediction? We started from a training set

D consisting of p inputs {ξµi }
p
µ=1, and a set of p data points {ζµ}pµ=1 giving

us the class of each set of inputs. By minimizing the cost function (103) using

the gradient descent learning algorithm (105), we computed the most probable

value of the weights w∗i . Now we want to use our trained perceptron to make

the following prediction: given the new input ξp+1
i , estimate to which class it

belongs, given the previous set of input-output matches:

P (ζp+1|ξp+1
i , D) .
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The first guess would be to run our neural network using the most probable

set of weights w∗i and just compute O(ξp+1
i , w∗). But the problem is that our

most probable set of weights is uncertain. That’s just the value that extremizes

the posterior probability distribution (108) of the weights, but the fact that we

have a probability distribution in the first place means that such extremum is

uncertain. What usually happens, in fact, is that the most probably value of

the parameters is likely to give an over-confident prediction on the class of the

new input. It is clear that we have to give a prediction that takes into account

the uncertainty on the parameter estimation. We need to use Bayes’ theorem!

Let us marginalize over the posterior distribution of uncertain parameters

we just evaluated:

P (ζp+1|ξp+1
i , D) =

∫
[dw]P (ζp+1|ξp+1

i , w)P (w|D) ,

where the integral is over all the synaptic weights [dw] =
∏N
i=1 dwi. The first

factor P (ζp+1|ξp+1
i , w) in the integral is the probability of classifying the input

in a certain way (106), given some value of the weights. The second factor

P (w|D) is just the posterior probability distribution of the weights (108) that

we constructed with our training set

P (w|D) = e−M(w)/ZM ,

where

ZM =

∫
[dw′]e−M(w′) .

The final expression for the probability that the new input ξp+1
i belongs to class

ζp+1, given the training set, is

P (ζp+1 = 1|ξp+1
i , D) = 1

ZM

∫
[dw]e−M(w)O(ξp+1

i , w) ,

P (ζp+1 = 0|ξp+1
i , D) = 1

ZM

∫
[dw]e−M(w)

(
1−O(ξp+1

i , w)
)
, (109)

The devil is in the details of course. The ball now is in the game of those who

know how to compute integrals. Given the fact that for a typical network of

neuron the dimensionality of the integral is in the thousands at least, we need
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Figure 13: XOR function, realized as a two-layer feedforward architecture. The first layer

consists of an OR (left) and AND (right) functions. The second layer takes the OR and the

NOT AND and produces a XOR output.

a way to implement this integral. It may be done with Monte Carlo or other

methods...

5.3. Multi-layer perceptron

In section 5.1.1 we experimented with our single-layer perceptron and real-

ized that, while it can perform the AND and OR tasks, it cannot perform the

XOR task. This is because it can only classify data that is linearly separable.

This is clearly a big drawback, since our brain can perform the XOR task in a

blinking of an eye. For this reason, people initially abandoned the idea of using

the perceptron.

5.3.1. XOR

It turns out that if we just add more layers to the feed-forward architecture

we easily overcome this problem. Let us recall the truth table for the XOR

function
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XOR function

INPUT TARGET

ξ1 ξ2 ζ

0 0 -1

0 1 1

1 0 1

1 1 -1

We can split this function into two subsequent logical steps

O = ξ1 XOR ξ2 = (ξ1 OR ξ2) AND NOT (ξ1 AND ξ2) .

This gives us a hint. We will build a network with two layers. The first layer

will have two units: the first one V1 computes OR as in (96), the second one V2

computes AND as in (94)

V1 = ξ1 OR ξ2 , V2 = ξ1 AND ξ2 .

The second layer will have a single unit O that implements the AND function

as in (94) between the first unit output V1 and the NOT of the second unit

V2 (NOT is implemented by simply taking the output and turning it into its

opposite).

O = V1 AND (NOT V2) .

This simple multi-layer perceptron architecture is shown in Fig. 13. The

units Vi in the intermediate layer are called hidden units.

5.3.2. Error back-propagation

A multi-layer feed-forward network with one hidden layer can perform the

XOR task that was not available to the simple perceptron. In Fig.13 we gave an

example of the weights that realize that device. Multi-layer feed-forward net-

works are universal approximators. This means that given any function, we can

always find a certain architecture that can can approximate that function arbi-

trarily well. Once again, the question we face now is: what learning algorithm

can we use to teach the network how to perform this task?
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We will show how gradient descent of an error function works as well for the

multi-layer architecture. First we will derive the back-propagation procedure in

a network with two layers, and then we will state the general algorithm.

We will use the relative entropy (103) as a cost function. Our multi-layer

network has 2 layers. The first layer is just the usual input ξi, for j = 1, . . . , N0.

The intermediate hidden layer collects the inputs and spits out the outputs

Vi = g(hi) , i = 1, . . . , Nh ,

hi =

N0∑
j=1

wijξj ,

where the activity of the hidden layer g can be either the sigmoid function (92)

or any of the other three alternatives, linear, sign, step function, or stochastic.

The last layer is the output

O = f(h) ,

h =

Nh∑
i=1

WiVi ,

that we take as a single unit for simplicity. We will set the output unit O to

the sigmoid function (92), which allows us to simplify the formulas when taking

the gradient descent as in (102).

While the signal is transmitted forward, the error is propagated backward.

Let us see how this works. We apply the gradient descent procedure to change

the synaptic weights. We can apply the procedure layer by layer, starting from

the output and working our way down to the first layer. To avoid cumbersome

notations, we will assume that we only have one training pattern (ξj , ζ), so we

can drop the index µ from the training set.9 The output unit update rule is

∆Wi = −η ∂G
∂Wi

= ηδOVi ,

9Alternatively, we can still have p patterns in our training set, but we are using the stochas-

tic gradient descent procedure in which we update the weights at every step of the training

procedure.
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where the delta rule is δO = ζ − O. It clearly coincides with the single-layer

perceptron learning rule (100). Let us now update the weights in the hidden

layer instead. We just differentiate the error function G with respect to the

corresponding weights wij by applying the chain rule

∆wij = −η ∂G
∂wij

= −η ∂G

∂O︸︷︷︸
− ζ−O
O(1−O)

∑Nh
l=1

∂O
∂Vl︸︷︷︸

O(1−O)Wl

∂Vl
∂wij︸ ︷︷ ︸

g′(hl)δilξj

= ηδOWig
′(hi)ξj

= ηδiξj ,

In the last step we introduce the hidden delta rule δi = δOWig
′(hi), where

hi =
∑N0

k=1 wikξk.

The pattern of error back-propagation is now clear. Let us summarize the

general rule. In a multi-layer network of M units, let us denote by V
(m)
i the

output of the m-th layer and by w
(m)
ij the weights connecting the unit V

(m−1)
j

to V
(m)
i . V

(0)
i = ξi, while V

(M)
i = Oi. The online back-propagation gradient

descent algorithm is

1. Start with small w’s and a training pattern (ξi, ζ).

2. Propagate the signal through the layers all the way to the output via the

activity rule

V mi = f(hi) = f

∑
j

wijV
(m−1)
j

 .

3. Now back-propagate the error. Compute the delta’s for the output layer

δi = ζ −O .

4. Compute the delta’s for the previous layers, propagating backwards through

the network

δ
(m)
j =

∑
i

δ
(m+1)
i wm+1

ij g′(h
(m)
j ) , m = M − 1, . . . , 1.
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5. Update the weights using the gradient descent

∆w
(m)
ij = ηδ(m)V

(m−1)
j .

6. Repeat for the next pattern.

The back-propagation algorithm has its advantages. It is local. To update a

particular weight we only need to know the information available to that weight

in both directions. While the back-propagation algorithm is widely used in the

machine learning community, it is less clear if it has to do with the brain.

Guide to the literature

There are several books about supervised learning, most of them have a

machine learning spin. My goal in this chapter though is to build increas-

ingly complex models that can describe our brain functions, rather than finding

efficient methods to solve optimization problems. The discussion of the per-

ceptron, the AND, OR and XOR examples, the multi-layer network, and the

back-propagation learning rule are adapted from Hertz’ book [11]. The gradient

descent algorithm, learning as an inference problem, and the prediction ability

are adapted from MacKay’s book on information theory [13].

The discussion of the neurobiological evidence for synaptic plasticity and the

Hebb rule is loosely taken from Paul Adams’ notes [15], based on various clues

accumulating during the past decades and the final discovery of the spike-time

dependent synaptic plasticity.
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6. Unsupervised learning

So far we have considered the most obvious way of learning something: learn-

ing with a teacher. A neuron receives some inputs, performs its computation,

then spits an output. There’s a teacher outside that tells the neuron what is

the correct target. If target and output do not agree, the neuron adjusts its

synaptic weights according to a supervised learning algorithm. In this way we

make the output resemble as close as possible the target.

It is clear that in general there will not be a teacher around to tell each

output neuron if its computation was correct. In this Chapter we will consider

the case of learning in which there is no teacher (hence the title). Namely, we

have a neural network that receives some input and spits some output, and

solely based on these two quantity it will adjust its weights. The purpose of

this network may be to detect features in the input signal. Namely, if the input

signal has some redundancy, it may capture the important information hidden

in the input signal.

Imagine you are a newborn child. You just came out of the womb and your

senses are recording an overload of inputs for the first time. You never opened

your eyes before, so your visual cortex is not really familiar with the signal

arriving from the retina through the optical nerve. The simplest thing that

your visual cortex can do is to detect some correlations among the inputs it

receives. We will see shortly that the Hebb rule (97) of synaptic plasticity (or

some slight modification thereof) achieves this goal.

6.1. Hebb rule

It is an empirical observation that two neurons that fire together are wired

together. If neuron i fires every time neuron j fires, then they are connected by

some synapses. The rule of thumb of synaptic plasticity, called Long Term Po-

tentiation (LTP), states that in this situation the synaptic weight wij increases

in strength. If we call Oi the output of neuron i and ξj the output of neuron j
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(which is the input of neuron i, we can summarize this rule as (Hebb rule)

∆wij = ηOiξj , (110)

where η is the (small) learning rate. On the other hand, if neuron j fires,

but neuron i never fires in response, it means that the two activities are not

related. Hence, the strength of their synaptic connection, if any, must be rather

weak. If we start with some synaptic weight wij and fire the two neurons

in an uncorrelated manner, the weight should decrease. This is the observed

phenomenon of Long Term Depression (LTD).

There is an interesting way of describing both LTP and LTD in an unified

manner

∆wij = (Oi − 〈Oi〉)(ξi − 〈ξi〉) (111)

where 〈·〉 denotes the average over time. It is clear that if the two neurons are

firing at a similar rate with respect to their average, their synaptic connections

strengthens, otherwise it weakens.

6.2. Principal Component Analysis

Let us take a closer look at the plasticity rule (111). We use the vector

notation w = (w1, . . . , wN ) and ξ = (ξ1, . . . , ξN ) and take a single unit with a

linear activity rule

O = w · ξ . (112)

Then the rule (111) reads

∆w = C ·w , (113)

where we introduced the covariance matrix of the input signals

C = Cij = (ξi − 〈ξi〉)(ξj − 〈ξj〉) .

If we consider the update rule (113) as a continuous rather than a discrete

phenomenon replacing ∆w → dw/dt, we find

dw

dt
= C ·w . (114)
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The N ×N covariance matrix is symmetric, so it has N real eigenvalues. It is

also positive definite, since xT ·C ·x = [x · (ξ−〈ξ〉)]2 ≥ 0 for any x. This means

that it has real non-negative eigenvalues, which we can order

λ(1) ≥ . . . ≥ λ(N) ≥ 0 .

It is easy to solve (114) by diagonalizing the covariance matrix

C · e(k) = λ(k)e(k) .

We can expand the weights along the eigenvector basis e(k) = (e
(k)
1 , . . . , e

(k)
N ) as

w(t) =

N∑
k=1

c(k)(t)e(k) .

The evolution equation (114) translates into an equation for the coefficients

dc(k)

dt
= λ(k)c(k) ,

with initial condition c(k)(0) = w(0) · e(k). The solution is

c(k)(t) = c(k)(0)eλ
(k)t ,

from which we can reconstruct the time dependence of the synaptic weights

w(t) =

N∑
k=1

[w(0) · e(k)]eλ
(k)te(k) . (115)

Let us stare at this solution for a moment. We are interested in its behavior

at late times t, when the learning procedure is supposed to have delivered its

results. Due to the exponential factor in (115), if w(0) · e(1) 6= 0, the late time

behavior is determined by its largest positive eigenvalue λ(1)

w(t) ∝ e(1) ,

giving a late time weight matrix aligned with the eigenvector corresponding to

the largest eigenvalue of the covariance matrix, which is called the first principal

component. After the learning procedure, the output O therefore is going to spit

the projection of the input ξ along the principal component e(1)

O ∝ e(1) · ξ .
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In Fig.?? we discuss the geometric significance of the Principal Component

Analysis (PCA). Imagine that our input data (we take two inputs, N = 2,

for simplicity) is a random sample coming from a two dimensional Gaussian

distribution with difference variance in the two directions. After training, the

weight vector will align in the direction where the data is more spread, namely

the direction with the largest variance. Since the entropy of a random variable

sampled from a Gaussian distribution grows with its variance as log2 σ, we see

that the PCA algorithm maximizes the amount of information the output carries

about the input. It is clear from Fig.?? the significance of this procedure. If

we are given a noisy input signal like the one in the picture, and we were told

to represent the data with just one object, we would pick the first principal

component, that encodes the basic facts about the data.

It is not all rainbows, flowers and lepricons though. We immediately see a

problem with our naive learning rule (111). Due to the exponential factor in

(115) and the fact that the eigenvalue λ(1) is positive, the value of the weights

(its norm w ·w = |w|2) blows up at late times, which is clearly an unpleasant

feature. This learning algorithm predicts our brain is going to explode! This is

not a very realistic feature, so we need to fix it.

6.2.1. Oja’s rule

We already encountered the problem of runaway weights in the context of

the gradient descent learning rule (105). There we saw that the easiest way to

prevent the weights from getting too large is just to add a weight decay term.

In the case of Hebbian plasticity, the best way to implement such a procedure

goes under the name of the Oja’s rule

∆wij = η
(
Oiξj − αO2

iwij
)
. (116)

This rule is very powerful. Let us see what its main feature is. Consider for

simplicity a single output unit with linear activity rule (112), in the vector

notation of Section 6.2. Oja’s rule reads ∆w = ηO (ξ − αOw). Let us take the

projection of this vector equation onto the weight vector w itself. By observing
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that w ·∆w = 1
2∆(w ·w) = 1

2∆|w|2, we find

∆|w|2 = ηO2(1− α|w|2) .

At late times, once the learning procedure has been implemented and ∆w ∼ 0,

Oja’s rule gives a weight vector of finite norm |w|2 = 1/α. This learning rule

therefore solves the runaway weights problem found at the end of Section 6.2. It

implements the Principal Component Analysis of the input data, producing an

output which is the projection of the input onto its first principal component,

with a finite value of the weight vector. Because the length of the weight vector

is fixed, Oja’s rule introduces a competition between the different weights. When

one of the weights increase, others must decrease to keep the length finite. This

rule is also local: for each output unit, its implementation only depends on the

inputs connected to that output.

In the case of a single output unit, Oja’s rule gives us the first principal

component of the input. Suppose that we have instead multiple output units.

A simple generalization of Oja’s rule (116) can be introduced in order to extract

the other principal components, namely the components of the input signal

along the either eigenvectors of the covariance matrix, but we will not discuss

it here. The PCA technique works well in the case in which the input signal

distribution is Gaussian. When this is not the case, then we must resort to

other kind of analysis to separate the indipendent sources that generate the

data: Indipendent Component Analysis is a technique that helps in this case.

6.3. Boltzmann Machines

We encountered two kind of machines so far. The first associative memory

system was the Hopfield network. In this system, all spin-like units in the

system are visible and the weights are symmetric and the architecture is that of

a recurrent network. The inputs were fixed values ξi, while the update rule was

stochastic (the presence of noise greatly enhanced the reliability of the memory

retrieval task). On the other hand, we have studied the multi-layer perceptron

architecture. Here, only some of the units are accessible: the inputs and outputs,

125



but not the hidden units. The weights are not symmetric, but feedforward. The

inputs and outputs are fixed patterns, while the update rule is deterministic.

In this Section, we will introduce a new system that has a new property:

it learns probability distributions, rather than fixed input-output patterns! In

real life, it is sometimes important to generate different outputs given the same

sensory inputs. A probability distribution as an output allows for this possibility.

Suppose you are in the forest and a lion is running after you. You work your

way through the bushes running as fast as you can and at some point you find

the lion’s face with his mouth wide open and all his teeth in plain sight, ten feet

in front of you. The same thing happens every week, and you have to decide

whether to jump left or right to avoid easing the lion’s task. If every time you

see the lion’s face in front of you (same external stimulus ξi), you decide to

jump to the right, clearly the lion is going to learn your pattern and eat you

soon. But if your response to the external stimulus is probabilistic, you have

way higher chances of survival!

Let us pause and go back to the Hopfield network for a second. At zero

temperature, the Hopfield network update rule (32) minimizes the energy func-

tion H(Si) = − 1
2

∑
ij wijSiSj in (61), given a deterministic result. At non-zero

temperature, we replaced the deterministic rule (32) with the probabilistic one

(40), called Glauber dynamics. The network, in this case, is approximating the

probability distribution given by the energy function: e−βH(S)/Z. What if we

create a system that, instead of approximating such probability distribution,

actively implements it?

Consider a Hopfield network with the stochastic activity rule

f(hi) =

 1 with probability 1
1+e−hi

−1 otherwise ,

with the usual activations hi =
∑
j wijSj . This rule implements the Gibbs

sampling of the probability distribution e−βH(S)/Z.10

10Given a probability distribution P (S1, . . . , SN ) it is usually very hard to sample all Si’s
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Our learning task is the following. Instead of having the system store a fixed

set of patterns D = {ξµi }
p
µ=1, we would like it to learn a probability distribution

of patterns P (D). By using Bayes’ theorem, we want to find the weights that

approximate such distribution:

P (w|D) =
P (D|w)P (w)

P (D)
. (117)

Using a gradient descent algorithm, we have to minimize the likelihood P (D|w) =∏p
µ=1 P (ξµi |w), with

P (ξµi ) =
e−H(ξ,w)

Z(w)
,

and Z(w) =
∑
Si
e−H(Si). It is more convenient to extremize the log likelihood

instead, so that we can turn the product into a sum and take one pattern at

a time. Let us consider only one training pattern ξµi for simplicity, namely let

us look at the stochastic gradient descent algorithm. Setting the temperature

β = 1 for simplicity, we find

∂

∂wij
lnP (ξµi |w) = ∂

∂wij
(−H(ξµi ;w)− lnZ(w)) ,

= ξµi ξ
µ
j︸︷︷︸

data

−〈SiSj〉︸ ︷︷ ︸
model

. (118)

This last equation encodes the first basic feature of the Boltzmann machine. Its

learning algorithm contains two terms:

1. The first term ξiξj is the usual Hebb rule, applied to the empirical dis-

tribution of data that the machine “sees”, coming in from the outside

world. It is called the wake term, because that is what the machine sees

when it is connected to the world. It detects the correlations among the

external stimuli and increases the weights accordingly, much like in the

unsupervised learning scheme.

in one shot. An easier way to proceed is to sample the units one at a time. Fix S2, . . . , SN

and sample S1. Then fix S1, S3, . . . , SN and sample S2 and so on. We are computing

P (S1|S2, . . . , SN ), P (S2|S1, S3, . . . , SN ) and so on, one at a time.
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2. The second term is called the dream term, since it is the correlation

between the same units, but when it is generated by the internal dynamics

of the machine. Namely, when the machine is sleeping it dreams about

producing some correlations. The sign on the second term is negative:

this is an anti-Hebbian rule, namely the internal correlations decrease the

weights.

If we start from a zero set of weights, the first “awake” step of the learning

procedure in (118) produces ∆wij = ηξiξj , which is the Hebb rule for the

Hopfield network. However, from the second step the learning algorithm does

not give the Hopfield weights. Since the learning rule is symmetric, it will

produce symmetric weights even when the initial distribution of weights is not

symmetric. Finally, note that by including in the inference task (117) the prior

distribution over the weights P (w), as we did in (103), we can generate a weight

decay term (105) that regularizes the learning algorithm.

Note that maximizing the log likelihood lnP (ξµi |w) is equivalent to minimiz-

ing the Kullback-Leibler divergence (91)

G(w) =
∑
ξµi

P (ξµi ) ln
P (ξµi )

P (ξµi |w)
,

that measures the difference between the probability distribution of the training

data P (ξµi ) and its likelihood P (ξµi |w) as generated by the Boltzmann machine.

6.3.1. Higher order correlations

We have just built a machine that learns and generates probability distri-

butions. However, it is still only sensitive to quadratic correlations. But in

the real world, quadratic correlations are not very useful, consider for example

image recognition. They just tell us what happens to a pixel in our retina, given

the value of another pixel. They are not really enough to help us realize that a

person is different from a plastic doll. These advanced tasks require a machine

that can detect (very) high order correlations. How can we improve our machine

in this direction?
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The first guess is to add higher-order couplings to our hamiltonian, some-

thing like

H(S) = −1

2

∑
ij

wijS
iSj − 1

4!

∑
ijkl

tijklS
iSjSkSl + . . .

But this sounds unlikely, since the number of couplings needed to capture higher

order statistics increases factorially and it is definitely not a plausible model for

our brain.

We can draw a useful hint from physics, namely from the Fermi theory of

weak interactions. At the time, people were interested in studying beta decay,

namely a neutron decaying into an electron, a proton, and an anti-neutrino.

The operator that generates this quartic interaction contains four fermi fields

L = GF (ψ̄σµψ)(ψ̄σµψ) . (119)

However, this operator is ill defined once we take into account quantum correc-

tions (it is non-renormalizable). The way to fix this problem is to introduce a

new field Wµ, which is a vector boson that couples to the fermion bilinear and

has a mass term

L′ = −g(ψ̄σµψ)Wµ +
1

2
mWWµW

µ , (120)

where the mass mW of the vector boson is very large, compared to the energy

at which we are probing the system. By integrating out the vector boson Wµ in

(120) we recover the original model (119) and the relation between the higher

order coupling GF and the microscopic couplings g,mW : GF = g2/2mW . But

the new model (120) has much nicer properties, in particular, quantum correc-

tions are more tractable (in fact, this insight together with the discovery of the

Higgs mechanism led to the construction of the Standard Model of electroweak

interactions). At energies much lower than the W -boson mass, we cannot pro-

duce such bosons as external particle in our experiment, and hence they are

virtual particle, invisible to an external observer.

The hint we draw from this story is that if we want to have a model that

encode higher order correlations, we need to introduce hidden units, which are
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coupled to the external ones, but we cannot probe directly. The higher order

correlations among the external units are detected by these hidden units. In

fact, this is pretty much what happens in the case of multi-layer networks with

hidden units we saw above. Such networks are universal approximators, thanks

to the role played by their hidden units.

We improve our Boltzmann machine now by introducing two sets of units:

visible ones Si and hidden ones hi. We will collectively denote them by yi =

(Si, hi). When we clamp the visible units to their training patterns we will use

the notation yµi = (ξµi , hi), still leaving the hidden units free to fluctuate. The

hamiltonian couples all units, visible and hidden

H(y) = −1

2

∑
ij

wijyiyj ,

but the likelihood of producing the training set ξµi is obtained by tracing over

the hidden units

P (D|w) =
∑
h P (ξi, hi|w)

= 1
Z(w)Tr h exp

(
1
2

∑
ij wijy

µ
i y

µ
j

)
,

where the partition function is Z(w) = Tr S,he
−H(y). The gradient descent

procedure applied to the log likelihood of (121) is similar to the one with no

hidden units (118), except that now the “wake” term includes a trace over the

hidden units

∂

∂wij
lnP (ξµi |w) = 1

Zh

∑
h y

µ
i y

µ
j e
−H(yµ) − 〈yiyj〉,

where Zh = Tr he
−H(yµ) is the hidden units partition function, for fixed visible

units. The two terms have the same interpretation as the ones we gave above

1. The first term is a Hebbian contribution that describes “wake” state of the

network. It measure the correlations among the units when the external

states are clamped to the training set values ξµi , but now the internal

hidden units are free to fluctuate. So this sample is obtained by fixing the

visible units and averaging over the hidden ones.
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2. The second term is the anti-Hebbian “dream” term, in which both the

free and the hidden units are free to fluctuate according to the internal

dynamics.

Again, we can add the weight decay term by including the prior distribution

over the weights P (w).

Guide to the literature

Unsupervised learning is explained in many excellent books. A pedagogical

introduction to both Hebbian learning, PCA and Oja’s rule can be found in

Hertz’ book [11]. A discussion more focussed on the neurobiological aspects of

synaptic plasticity, with the neat example of ocular dominance, can be found in

[16]. The Boltzmann machine is explained very well in the books by Hertz [11]

and MacKay [13].
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7. Reinforcement learning

Inside our brain, there is no Maxwell devil telling each neuron if its answer

to the stimuli was correct or not, as was the case for the supervised learning

algorithms in Chapter 5. Nonetheless, there must be some sort of feedback

signal that tells us about the quality of our actions. If we go see the last Mel

Gibson’s movie, for which we had high expectations, and we realize it really

sucks, we are not going to see his next movie. If we vote republican expecting

that job creators will thrive and resurrect the economy, but they start two wars

instead and engineer the worst financial crisis since the Great Depression, we are

not going to vote for them again later. If we wander around the neighborhood

in search of a grocery store and we find it, we are probably going to learn how

to get there after a couple of times.

In all these cases, we perform some actions, based on some internal estimate

of future rewards, and get a feedback signal from the environment, that in turn

shifts our previous estimate to a more realistic one, that we use to change our

future actions. The feedback signal is an overall indicator of the effectiveness of

our choise: a global yes or no feedback. It is called a reinforcement signal. Our

goal is to maximize the total return, which is a sum of all the rewards we will

get in the future.

7.1. The maze task

Let us work out the theory of reinforcement learning step by step in a simple

example that contains all the ingredients. We have a maze, with one starting

point and four endpoints, see Fig.???. We put a thirsty Mickey Mouse at the

entrance of the maze, at location A, and let him figure out how to get to the

drinks. A certain amount of juice is delivered at each endpoints (reward): 0, 2

or 5 ml. Our hero can only move forward at each T-cross, making a decision

whether to turn left (L) or right (R). Different paths lead to different rewards.

The goal for thirsty Mickey Mouse is to maximize the total amount of juice in

a trial (long term return).
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We call locations A, B, C our states s; at each state, we have two options for

which action a to take (turning either L or R) and we have to make a decision.

If the hero turns left at B, he gets no juice. But if he turns right, he gets 5

ml. We denote by rass′ the reward obtained from state s, taking action a, and

ending up in state s′ . Summarizing:

States: s = A,B,C . (121)

Actions: a = L,R . (122)

Rewards: rRAB = 5 , (123)

rLAC = 2 ,

rass′ = 0 otherwise .

In our simplified maze task, the actions a available at each state are the same,

either left or right, but we could have more general tasks in which at every state

we can select among a variety of different actions. Another simplification is that

while the choice of which action to take may be probabilistic, after choosing a

particular action, the next state is known with certainty. Namely, if we decide

to turn L at A, we end up in B with probability one. In more general cases,

a choice of an action might lead to a probability distribution of ending up in

different states, but it is not the case in our maze task.

At each point in the maze (state), Mickey Mouse must select an action,

following a certain policy:

A policy π is a collection of all the possible (state, action) pairs, that specifies

completely the behavior of the agent.

It can be either stochastic (we give the probability of choosing a certain action

in a certain state) or deterministic (only one action is accessible for each state).

We will consider here stochastic policies, namely we will give the probability

Prob(choosing action a in state s) = π(s, a)

that in a certain state the rat will select a particular action

Policy: {π(s, a)} for s = A,B,C and a = L,R .
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We can parameterize a policy in a simple way, by assigning to each (state,action)

pair a number called the action-value function

An action-value function Qπ(s, a), under policy π, is the total future return

expected by starting in state s, taking action a and following policy π from

there.

The probability of selecting action a in the state s is then given by the simple

softmax probability distribution

π(s, a) =
eβQ(s,a)∑

b=L,R e
βQ(s,b)

. (124)

We introduced here the seeds of the notorious exploration/exploitation dilemma.

The goal of the agent is to maximize the long term return, the collection of all

the future rewards in the trial. To do this, he might stick to a course of ac-

tion he already knows, that will deliver the highest return (exploitation). This

is called a greedy policy, because it tends to maximize the known return. But

sometimes it is a good idea to explore new options, to discover potential policies

that deliver higher rewards (exploration)! The parameter β in (124) controls

the balance between these two different possibilities. If β is very large, the prob-

ability distribution will localize around a single choice per state, namely the one

with higher action-value function Q(s, a), so that we will always take action a

in state s. This will give a deterministic greedy policy, all exploitation and no

exploration. On the other hand, if β is very small, all actions are equiproba-

ble, regardless of their expected returns, so we are in exploration mode. One

can have different kind of policies from (124). Another popular choice is the

ε-greedy policy, where the rat chooses almost always the action that gives the

largest immediate reward (i.e. greedy) with probability 1− ε, except sometimes

when with probability ε he chooses a random action. Intuitively, it is clear that

an explorative policy is advantageous in the first few trials, when we still have no

idea where the rewards are. As long as we start to learn about the environment,

we can tune down the exploration a bit and concentrate on the most favorable

actions instead, still leaving some room for exploration once in a while.

134



We will divide the reinforcement learning problem into two different steps

and our agent (Mickey Mouse the rat) into two different personalities: the critic

and the actor. The actor uses the existing policy to perform the task and, on the

way, collects eventual rewards. The critic uses the rewards to perform estimates

of the value functions and compares them to the expectations from the previous

trials, to evaluate whether it performed better or worse than expected, and

improves the policy accordingly. The process of having rounds of actor-critic-

actor-critic-..., called policy iteration, allows the agent to improve its estimates

better and better and use in turn these great estimates to change its behavior

incrementally, approaching an optimal policy, namely a policy that gives the

largest possible return.

7.1.1. Value functions

Let us assume that a particular policy {π(s, a)} has been chosen. We will

evaluate its performance, to decide how it compares to our expectations. But

first, we need to describe what we mean exactly by having “expectations.”

The goal of reinforcement learning is to obtain the largest amount of return.

We we define the future return at time t as the sum of all the future rewards

we will collect from time t until the end of the trial

Rt = rt+1 + rt+2 + . . . =
∑

k=0,1,...

rt+1+k .

We can have either an infinite number of steps or just a finite of them, so we

take care of the notation appropriately in the sum over future rewards, that we

left open-ended in the previous expression. Our conventions are that by taking

the action at in state st at time t, we move to state st+1 and collect the reward

rt+1.

Usually, rewards that are far off in the future are less appealing than imme-

diate rewards. If I ask you to decide whether to get ten dollars now or twenty

dollars one year from now, you will most likely choose the immediate cash, even

if the sum you would earn later on is larger. Therefore, we introduce a discount

factor 0 ≤ γ ≤ 1, that counts how far in the future the expected rewards are
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going to be delivered. The return is defined as the discounted sum of all future

rewards

Rt = rt+1 + γrt+2 + γ2rt+3 + . . . =
∑

k=0,1,...

γkrt+1+k , (125)

where in our notation, rt+1 is the reward we collect at time step t+ 1 by taking

a particular action at time t. If γ = 0, we are only interested in the immediate

reward. If γ = 1, all future rewards count the same. Now, the crucial point is

that the return (125) satisfies a very simple recursive property

Rt = rt+1 + γ(rt+2 + γrt+3 + . . .)

= rt+1 + γRt+2 . (126)

This recursion relation is at the very heart of the temporal difference method

of assigning credit, as we will shortly realize.

At each point in the maze, s = A,B,C, we associate a particular state-value

function V π(s). This describe the total amount of future rewards ri that we

expect to collect, starting from that state s and following a fixed policy

A state-value function V π(s) under policy π is the expected future return

obtained by starting in state s and following policy π.

Let us work out the state-value functions for the maze task in Fig.???. Con-

sider an exploratory policy, in which we assign equal probability for turning L

or R at each node of the maze. This is quite realistic: the first time the rat is

put in the maze, he will just take a random path and see what happens. In this

case, the action-value functions Q(s, a) in (124) all vanish, and we find that the

probabilities are all the same

π(s, a) = 1/2 ∀ s, a (127)

We want to evaluate the state-value functions for this policy, by weighing the

rewards according to the probability of selecting that particular action. This is

going to give us the true value of the state-value functions for our given policy

π in (127). States B or C are the terminal states: we take an action and end
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the task, getting or not a certain amount of immediate reward. The values of

states B and C are

V π(B) =
1

2
× 0 +

1

2
× 5 = 2.5 , V π(C) =

1

2
× 0 +

1

2
× 2 = 1 . (128)

State B is more valuable than state C, under the current policy in which every

action L or R is chosen with the same probability. We can easily derive a formal

expression for the state-value functions in the terminal states s = B,C

V π(s) =
∑
a=L,R

π(s, a)
∑
s′

P ass′r
a
ss′ . (129)

This is nothing but the expectation value of the immediate reward, which is

also equal to the total future return since this is the last state of the maze task

V π(s) = 〈rt+1〉 = 〈Rt〉 , (130)

where the average is taken according to the probability distribution {π(s, a)}

that specifies our current policy. This is in agreement with our definition of the

state-value function as an average measure of the future return. In our simple

case, whereas the choice of L or R action is probabilistic, once we have chosen

an action, the next state is known with probability one. Namely, if we decide

to turn L at B, we end up at the end of the task and collect reward zero, with

probability one, and so on. But in general, the result of taking a certain action

might be stochastic too, for instance if by taking action L in state B we had a

certain probability of getting to state s’ with a certain reward and to a different

state s” with a different reward. We included in (129) the probability P ass′ of

ending up in state s’ by taking action a in state s, even if in the simple maze

task this expression is always diagonal P ass′ = δas′ so the second sum over s’ in

(129) just drops and we get back to (128).

A convenient way to illustrate a task is by use of the backup diagrams. The

diagram in Fig.?? encodes the rat’s maze task we are describing. The empty

circles represent states, and the full circles state-action pairs. Time always flows

from top to bottom. In the maze task, once we choose an action in a particular

state, the next state is known with certainty. Hence, full circles only have single
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lines emanating from them. This corresponds to the choice P ass′ = δas′ in (129).

In general, one can have stochastic actions, such that once an action is chosen

in a particular state, the next state is chosen among different options, weighted

by a probability distribution. This more general case, which requires the full

expression in (129), is exemplified in Fig.??.

Let us go back to our maze task. We evaluated the state value of states

followed by immediate reward. But what if the reward comes only after several

steps? How can we evaluate the total worth of state A? Actions taken from

there do not lead to immediate rewards (more precisely, they lead to states with

zero immediate reward). On the other hand, from the next states we can choose

an action and get our final rewards. Should we give credit only to the terminal

states B and C, or also to the previous state A, which might eventually lead

to a reward too? This is called the temporal credit assignment problem. Value

functions allow us to easily solve this problem.

We will just back-propagate the value functions weighted by the probability

of ending up in each state, according to the current equiprobable policy:

V (A) =
1

2
γV (B) +

1

2
γV (C) =

1

2
× 0.8× 2.5 +

1

2
× 0.8× 1 = 1.4. (131)

We introduced here a discount factor of γ = 0.8, that we already encountered

in the definition of return in (125). This accounts for the fact that future

rewards are less appealing than immediate rewards. The total worth of state A

is somewhat in between the worths of states B and C in (128). Let us derive

this intuitive result from the definition of state-value function.

By exploiting the recursive formula for the future return (126) we obtain

V π(st) = 〈Rt〉 = 〈rt+1 + γRt+1〉 = 〈rt+1〉+ γ〈Rt+1〉 . (132)

In this last equation, the first term 〈rt+1〉 is the average immediate reward we

obtain by ending up in state s′ at time t+ 1

〈rt+1〉 =
∑
a=L,R

π(s, a)
∑
s′

P ass′r
a
ss′ ,

with P ass′ = δas′ in our simple maze task, but we keep this factor for general tasks.

The immediate reward is zero in the case of state A since there is no immediate
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reward associated to ending up in B or C from A. To evaluate the second term

in (132), it is best to look at the backup diagram in Fig.??. Starting in st = A,

namely from state A at time t, we have two possible states st+1 = B,C at time

t + 1, depending on whether we choose action at = L,R. The future return

Rt+1 from time t+ 1 must average over the two possibilities, using the estimate

of the future returns given by the corresponding state-value functions

〈Rt+1〉 =
∑
a=L,R

π(s, a)
∑

s′=B,C

P ass′V
π(s′)

Putting everything together we find

V π(s) =
∑
a=L,R

π(s, a)
∑

s′=B,C

P ass′ (r
a
ss′ + γV π(s′)) , (133)

where, again, in our simple maze task we set P ass′ = δas′ , but in general we

allow the result of an action to be stochastic. Eq. (133) is called the Bellman

equation. This equation gives a recursion relation that the state-value functions

must satisfy and it applies to the generic backup diagram in Fig.??. Note that

we have one Bellman equation for each state. Hence, the Bellman equations

completely determine the state-value functions. We immediately see that the

expression (131) we obtained intuitively is nothing that the Bellman equation

(133) for state A.

7.2. Actor/critic model

As we anticipated above, we will now describe a realistic reinforcement learn-

ing algorithm. Thanks to this algorithm, the agent is going to learn the state-

value functions for the maze task and use them to improve its policy until it

reaches an optimal policy. The algorithm requires the agent to have two person-

alities. The first one, called the actor, is a very handsome Hollywood star. No,

just kidding. The actor interacts with the environment, it picks an action a in

each state s according to the policy π(s, a). The second personality, called the

critic, is very mean and always criticizes what the actor does. It compares the

reward at each step with previous estimates of the return encoded in the current

state-value functions, and updates them online, at every step of the task. Then,
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the critic takes the new updated estimates of the value functions, and uses them

to improve the policy. At this point, the actor comes into the game again and

proceeds with the task in the next state, according to the current policy. Since

the job of the actor is obvious, we will mainly focus on the critic’s challenge.

7.2.1. Policy evaluation

We just computed the true value of the state-value functions (128) and (131)

for each state in the maze task under the equiprobable policy (127). However,

the rat does not know anything about the task, in particular, he has no way

of knowing the state-value functions. He has got no idea of the rewards ahead

of him, that he would need to compute the exact state value functions V π(s)

we just derived. He needs to learn the state-value functions by successive ap-

proximations. Suppose the rat starts from a random reference value of the

state-value functions V (s) and then performs the first trial in the maze (actor).

At the end of the first task, the rat is going to observe some reward (including

the no-reward case) and, based on the observed values, he will be able to build a

better estimate of the state-value functions (critic). This process is called policy

evaluation.

Suppose we start the first task with some random initialized values of the

state value functions V (s), for every state s. This is reasonable since we do not

know anything about the task, we even ignore what the states themselves are,

so when we encounter them for the first time we initialize their value in some

way, random is just as good. Suppose moreover that we start with our initial

equiprobable policy (127), just because we do not know any better. Now, let

us perform the task for the first time following the policy, and collect a certain

amount of reward in each state. In our interpretation (130), the state-value

functions are an estimate of the total future return. If we already knew the

exact state-value functions V π(s) related to the current policy, we would find

that they satisfy

V π(st) = rt+1 + γV π(st+1) ,

for the current choice of actions, as shown in (132). But obviously we do not
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know the exact state-value functions, only their approximation!

The best we can do is the following. Suppose we stored the current state-

value functions V (s) and V (s′), for two consecutive states s and s′, connected

by the choice of the action a in state s, as shown in the backup diagram Fig.??.

Now, during the next trial, we take the same action at = a in state st = s

and end in state st+1 = s′, getting an immediate reward rs′ . We can get a

better estimate of the state-value function V (s) by computing the temporal

difference error

δ = rs′ + γV (s′)− V (s) , (134)

Again, this error would be zero if we knew the exact value of the state-value

functions V π(s) associated to our current policy π, but unfortunately we do

not know it and must learn it from experience. Hence, the error is non-zero.

It derives its name from the fact that the estimates of the total future return

R(s) = V (st = s) at time t and R(s) = rt+1 + γV (st+1 = s′) at time step

t+ 1 come from two successive estimates, the first one performed in state s and

the second one performed one step later in state s′. Again, what we need to

compute the error is the estimates of the state-value functions V (s) and V (s′)

evaluated by the previous trial, and the new immediate reward rs′ collected in

the present trial.

The temporal difference (TD) error gives us an evaluation of the accuracy

of the current estimates V (s). If it is positive, it means that the reward is

higher than we previously thought. If it is negative, it means that the reward is

worse than we expected. We can therefore use this TD-error to learn a better

policy. After moving from state s to state s′ and collecting the reward rs′ , we

can update our current state-value function for state s according to

V (s)←− V (s) + α (rs′ + γV (s′)− V (s)) . (135)

If the trial went better than expected with δ > 0, we want to increase the value

of the state s, if it went worse than expected δ < 0, we want to decrease the

value of state s.

The TD-error policy evaluation has a lot of nice features:
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• It learns directly from the experience, without assuming any model for

the environment. It builds a model on the go.

• It is an example of online policy evaluation. It updates the current esti-

mates of the state-value functions as one proceeds state by state, incre-

mentally. It is also called a “bootstrap” method, since it updates estimates

based on previous estimates, without waiting for the final outcome of the

trial, after collecting all of the rewards.

• Due to its online nature, it is efficient also in the case of a “continuous”

stream of events, namely states which are not clearly separated in different

number of episodes.

• One can prove that the update rule (135) converges to the exact state-

value functions V π(s) for the current policy.

Let us summarize an algorithmic procedure to policy evaluation, in a proce-

dural way convenient for software implementation:

• Initialize V (s) arbitrarily for all states s. Choose a policy {π(s, a)} to

evaluate.

• Repeat for each time step t:

1. Pick a state s.

2. Pick an action a in state s, according to the policy π(s, a).

3. Act with a and move from state s to state s′, collect reward r, com-

pute the TD-error δ = r + γV (s′)− V (s).

4. Update V (s) according to

V (s)←− V (s) + αδ .

5. Move to next state s′.
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7.2.2. Policy improvement

The second job of the critic is to use better estimates of the state-value func-

tions to improve the current policy {π(s, a)}. If the TD-error δ is positive, more

reward than expected lies ahead, so we should increase the preference for the ac-

tion that gave more reward, and decrease the preference for the other actions=.

Viceversa, if the TD-error is negative, we should decrement the correspond-

ing probability. Recall that the policy preferences are given by the softmax

distribution (124), that we repeat here

π(s, a) =
eβQ(s,a)∑

b=L,R e
βQ(s,b)

,

whose parameters are the action-value functions Q(s, a). The critic should then

perform an update of the action-value functions, according to the intuition out-

lined above. The simplest way to update the policy is to replace

Q(s, a)←− Q(s, a) + ρ [1− π(s, a)] δ , (136)

for the action-value corresponding to the action a that was taken and led to the

TD-error δ, while at the same time updating

Q(s, a′)←− Q(s, a′)− ρπ(s, a′)δ , (137)

for all the action-values a′ that were not taken in state s. The parameter ρ

controls the amount of change in the policy control algorithm. Note the last

term in (137), proportional to the probability of not choosing a or choosing a′.

7.3. A neural network implementation

Evidence for the relevance of reinforcement learning for our brain comes from

the study basal ganglia, among other examples. In this section, we describe a

schematic neural circuitry in Fig.??, inspired by the basal ganglia, that realizes

the neuron as computing the state-value function.

Our hero is a linear model of the neuron, a perceptron, in which the output

V , the input patterns ξµi , where µ labels the different patterns, and the synaptic
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weights wi(t) are related via

V [ξµ(t)] =
∑
i

wi(t)ξ
µ
i (t) . (138)

We interpret the input pattern st = {ξµi (t)} at time t, for a particular pattern

µ, as a particular state. The output V [ξµ(t)] is interpreted as the state-value

function corresponding to such state. We will use this system to predict future

rewards, given a fixed deterministic policy.

Suppose the agent follows a deterministic policy and at time t it takes an

action a in response to the particular state {ξµi (t)}. The estimate of the state-

value function of state ξµi (t) is the output V [ξµ(t)] in (138). There must be

a sort of memory system in the model neuron, that keeps track of the state

and of the output, in order to compute the TD-error. The memory of the last

state, which is referred to as eligibility trace, can be implemented as a form

of synaptic memory. We represented this as a little filled circle on the synapse

in Fig.???. We need to store the value of the output V (t) for one time step,

in order to compute the TD-error. This is implemented by an axonal delay of

one time step from the output neuron to the evaluation neuron. We represented

this delay by a thick arrow connecting the output neuron and the evaluation

neuron.

Now let us move to time step t+1. Here, a reward r(t+1) is administered by

the environment, as a result of taking action a at time t. In the basal ganglia, this

is believed to be given by a temporary shot of the dopamine neurotransmitter,

which makes the neurons feel good. Always at time t+ 1, a new state ξµi (t+ 1)

hits the neuron, which estimates again the state-value function as its output

V (t+ 1). Now, the output signal V (t+ 1) goes through two different pipelines.

One is the slow axonal connection, that we use for the next step evaluation at

time t+2 and we neglect it. There is a second “fast” connection, that weighs in

the output V (t+1) the discount factor γ and brings γV (t+1) to the evaluation

unit, always at time t+ 1.

At this point, everything is ready for the evaluation neuron to do its job.

The action taken at time t prompts the environment to feedback a reward
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r(t + 1), collected directly by the neuron. We have the new discounted state-

value function γV (t+1) from the fast loop, and we have the previous state-value

function V (t), corresponding to the previous state, arriving with a delay due to

the slow connection. The evaluation neuron then computes

δ(t+ 1) = r(t+ 1) + γV (t+ 1)− V (t) ,

and feeds this error back onto the incoming synapses, where the eligibility trace

of the previous state ξµi (t) lingers. The synapses are then updated using the

learning rule

w(t+ 1)i = w(t)i + αδ(t+ 1)ξµi (t) .

This circuit realizes a simple implementation of the TD-error in reinforcement

learning.

Guide to the literature

Reinforcement learning is a very active research field in many different disci-

plines: neuroscience, computer science, machine learning, optimization, control

theory and many others. The maze task we described is adapted from [16], with

a few changes. This book is the cornerstone of theoretical neuroscience and con-

tains a great chapter devoted to reinforcement learning, comparing theory and

experiments, especially with rats. The general theory of reinforcement learning,

that we derived from the particular maze task, can be found in [17], which is

mainly concerned with a machine learning perspective and is extremely clear

and pedagogical. The notations we adopted in this Chapter are from this book.

The neural circuit that implements the TD-error is taken from [18].
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Appendix A. Extras

Appendix A.1. 2d Ising

As we saw in Section 2.3, the 1d Ising model with nearest-neighbor interac-

tions does not undergo a phase transition at low temperature. In dimensions

higher than one the nearest-neighbor Ising model does display a phase transi-

tion. In this Section, we will give a couple of heuristic arguments to show that

the 2d Ising model has a thermodynamic limit and undergoes a phase tran-

sition. These two results can be established exactly using the solution of the

model, provided by Onsager, however we will just stick to Peierls’ hand-waving

philosophy to develop some intuition.

Consider a two-dimensional lattice of spins Si = ±1 and hamiltonian

H = −J
∑
<i,j>

SiSj ,

where < i, j > is non-vanishing only for nearest-neighbor spins. Let us leave the

boundary spins free to fluctuate and prove that this model has a well defined

thermodynamic limit. Let us start with a square lattice whose edge has length

2N , for a total of 4N2 spins, and denote its partition function by Z2N . Now

split the system into four subsystem, each of which is a square whose edge has

length N with partition function ZN . [ADD FIG] If we want to estimate the

energy of the large system by multiplying the partition functions of the smaller

subsystems, the error we are making corresponds to neglecting the energies of

the four internal edges and amounts to ±4JN . The estimate for the partition

function is therefore bounded by

Z4
Ne
−4JNβ ≤ Z2N ≤ Z4

Ne
+4JNβ .

Translating this into a bound for the free energy densities fN = −(βN)−1 lnZN

we immediately see that

|f2N − fN | ≤ J/N → 0 ,

as N → ∞. We have proven that the free energy densities form a Cauchy se-

quence and hence they converge to a finite thermodynamic limit. At the same

146



time, we have found that boundary effects are washed away by the thermody-

namic limit and we can completely neglect them.

Next we want to argue that, unlike its 1d cousin, the 2d Ising model has a

phase transition.
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